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782 ) , C � � Æ 43P?0A�o�6�`��Z�?"yI>5YW0"y�[I>�?":pvZ WpvW"y�[�E?63sXZ�"yI>5Y$g3dyI>�`5?"ypv� W$pvWdy�[�J.j�nI>&�npv�b�I>MM/M/1 D℄�o�6�`M�LW$': [10],�+Md℄�o�6�`M�L: [11]. K'"�M�npv�`��MKI�L [12], Eb�npv�o�6�`M�Lp�kI%4� [13],pZoIUup"bI>�1j Poisson �1�pv58��658p<"�l"M�I>��pvMd℄�o�6�`�Fz
Z�[F	3 a 5pvQS8H-�o�6�?�o�6��$?OMIw�:kdpvW b y�[�F�6�DB5�,Æg�z
Z0 a y�[�BH-N�}}��?}�`��:kdpvW b y�[�bt���oI.�2�nh{4p `5Yz
Z�[Fl"M�#
9F�M�oI2bt��ope	 [14], H"#UuppvQW�4��FM�
�?Jly��Z�tz;?�6�";?N�}���:RkdpvW b y�[�Je b ;"y*F�?�pZ�Uu"b�pvMM/M/1 D℄&d℄�o�6�`��62?�o�6�$,?N�}���:pvWM�[FZ;M)�n�p< `Ml"�bt����pM_���
_li��R"�62?}���o�6�pvM�n ;*Fe;O0 `l"MM)�n	Rf�. GI/M/1 � Markov �1b�`z
=��K'"��
} GI/M/1 � Markov �1�rl"!F^
�Eb�pM���W$!K��rl"MFxF�/84gKIpN�L�`z
M"
�rU��V�;KI�r`,l"MM)lFD��$}zB?~Uzd℄�o�6�
�?R 2 B{4d℄�o�6�`M GI/M/1� Markov �1���'�R 3 B�R 4 BbN=gM��HÆ!F�KIpd℄�o�6�`5pvQdS,�r`,MY�	R 5 B{4p�+D℄�o�6�`M��DÆex#p|B	k�R 6 B;�pM	D$l�
2 ��
��BbKUM M/M/1 d℄�o�6�` (': [3]), (-"b�npv(x�{4�F����2�[
Gwj λM Poisson�1I>z
epv58p<'Fj µ MUFl"�62pvQ�:kdpvW X y�[�-,Æz
Z�[F -� X , BK�":pv�z
�\�,Æz
Z�[F-� X , B":pvW X y�[�Je X;"y"NLFTMM)�n��l"v�vw��Fl�j

pn = P(X = n), n ≥ 1, P (z) =

∞
∑

n=1

pnzn, |z| ≤ 1,�RT2j p = E(X).F":pvDB5�,Æz
Z~0�[�BpvQ>H-�o�6����6�,\p<'Fj θ MUFl"�?�o�6��"yI>M�[>$?OMIw η < µKIpv�`�P�?�o�6�� 62�:pvkdW$pvW Y y�[�Je



5� E���h�l�7X��a!a�mou~m�5�_Lkw 783

Y ;"y"NLFTMM)�n��l"v�vw��Fl�j
qn = P(Y = n), n ≥ 1, Q(z) =

∞
∑

n=1

qnzn, |z| ≤ 1,�RT2j q = E(Y ).F":�6DB��,Æz
Z)'~0�[�Bs"y[gM�o�6S8�mB�pvQH-N�}��$w µ jz
ZM�[W�pv��?�t L(t)�:5Y t5z
ZM�[F�t J(t)�:5Y t5pvQMdS���Y�5Y t 5,ÆpvQ73N�}��B�Tj 0, ,ÆpvQ73�o�6dS��N?HÆR k :�6�B�Tj k, J���AMfkM)�1 {(J(t), L(t)), t ≥ 0};"y Markov �1��dS\8j
E = {(0, l) : l ≥ 1} ∪ {(j, l) : j ≥ 1, l ≥ 0},�Zb l ≥ 1, dS (0, l) �:pvQ73N�}��z
Z0 l y�[	b j ≥ 1 ,

l ≥ 0, dS (j, l) �:pvQ73R j :�o�6�z
Z0 l y�[�,Æt
p̄k = 1 −

k
∑

i=1

pi, k = 0, 1, · · · ,

q̄k = 1 −

k
∑

i=1

qi, k = 0, 1, · · · ,BFdS
gU�v�q5�0A Markov �1Mt�	3/7j
Q =











B0 A0

D B A

D B A
...

. . .
. . .











, (1)�Z
A0 =













µ 0 0 · · ·

p̄1µ 0 0 · · ·

p̄2µ 0 0 · · ·
...

...
...

...













, A =











θ

0

0
. . .











, D =











0

θ 0

θ 0
. . .

. . .











,

B0 =













−(λ + µ) λ

p1µ −(λ + µ) λ

p2µ p1µ −(λ + µ) λ
...

...
...

. . .
. . .













,
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B =

















−(λ + θ) λ

η −(λ + η + θ) λ

q̄1η q1η −(λ + η + θ) λ

q̄2η q2η q1η −(λ + η + θ) λ
...

...
...

...
. . .

. . .

















.'8�N=g�1 {(J(t), L(t)), t ≥ 0} ;"yO0t�m�M GI/M/1 � Markov �1
(: [15])./}"BMUzWR�F λ < pµ 5�,0Y&�1M�rl"i"=?�2��rl"j (πππ0, πππ1, πππ2, · · ·), �Z

πππ0 = (π01, π02, · · ·), πππk = (πk0, πk1, · · ·), k ≥ 1Z;t�k�n�B/ [15] WR��rl"{i,}N:MJf.�F
πππk = πππ1R

k−1, k ≥ 1, (2)�Z R .jwJf��b�pM���O;NKi1
A + RB = 0 (3)Mk	jqF�sf��rl"M�lyln πππ0, πππ1 /��i1j

0 = πππ0B0 + πππ1

(

∞
∑

l=0

Rl
)

D, (4)

0 = πππ0A0 + πππ1B (5)��"!Z;&Y�
3 ~{#�jpUz�`z
�rdSM�Y��{4 Markov �1 {(J(t), L(t)), t ≥ 0} Mi��rl"�j8�	B!Fi1 (3), (4) � (5). ?~��$}(d�$� 1 F λ < pµ 5�i1

µzP (z) − (λ + µ)z + λ = 0 (6)? (0, 1) �0i"F�sf�i1
ηzQ(z) − (λ + η + θ)z + λ = 0 (7)? (0, 1) �0i"F�4 ~Q�R"yDz�t f(z) = µzP (z) + λ, B

f ′(z) = µP (z) + µzP ′(z) > 0, f ′′(z) = 2µP (z) + µzP ′′(z) > 0, ∀ z ∈ (0, 1),



5� E���h�l�7X��a!a�mou~m�5�_Lkw 785N$ f(z) ? (0, 1) �;�xSCMd�F�<ei1 (6) -i1 f(z) − (λ + µ)z = 0 W0F f ′(1) > λ + µ 5�- λ < pµ 5? (0, 1) �0F��;i"F�RfyDzWbGPQ�� W': [10] & [11] ZM(d 1. Q��$� 2 wJf R MOY
9,}�
R = (1 − r)







1 r r2 · · ·

0 0 0 · · ·

0 0 0 · · ·






, (8)�Z r ;i1 (7) ? (0, 1) �Mi"F�4 /wJfMvwF< [15] WRb�pUzM���R Z5pR"Æf�4zÆ7H�j 0. �?t (r0, r1, · · ·) �:tjrÆ�B^�9DMAF<JWRi1 (3) Mln
9j

0 = θ − (λ + θ)r0 + η

∞
∑

l=0

q̄lrl+1, (9)

0 = λrk − (λ + η + θ)rk+1 + η

∞
∑

l=1

qlrl+k+1, k ≥ 0. (10)�Z (10) ;"y��)li1�E�ZM�9 ;Q*M
9�'e �.��Fh!F�%R (10) MF�
, rk = crk, �Z c, r BY�A- (10) WK r {ii1 (7), =A- (9) 9�K�1JWR c = 1 − r, -0A)li1MFj rk = (1 − r)rk. E/(d 1R�i1 (7) ? (0, 1) �0i"F�N$jpKIk	jqF�" r jtF�-WK(dDz�Q��$� 3 ,Æ λ < pµ, B38�n πππ0 � πππ1 /$}l9{4�
π0n =

π01

β − r
(βn − rn), n ≥ 1, (11)

π1n =
π01

α(β − r)
rn+1, n ≥ 0, (12)�Z α = θr

[

λ− (λ + µ)r + µrP (r)
]−1

, β ;i1 (6) ? (0, 1) �Mi"|�e π01 ;BY*F�>/�"!Z;&Y4 ?~��n πππ0 � πππ1 {i��i1j (4) � (5). �Z/i1 (5) Mln
9WK
0 = µ

∞
∑

l=1

π0lp̄l−1 − (λ + θ)π10 + η

∞
∑

l=0

q̄lπ1,l+1, (13)

0 = λπ1n − (λ + η + θ)π1,n+1 + η

∞
∑

l=1

plπ1,l+n+1, n ≥ 0, (14)i1 (14) ;"y�:)li1�/bG3(d 2 ZMihWK�m3 (0, 1) �Mi"
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π1n = π10r

n, n ≥ 0, (15)�:�/ (8) WK
Rl = (1 − r)l−1R, l ≥ 1, (16)N$0
∞
∑

l=0

Rl = I +

∞
∑

l=1

Rl = I +
1

r
R,<eH"#WK

(

∞
∑

l=0

Rl

)

D =











θ(1 − r) θ(1 − r)r θ(1 − r)r2 · · ·

θ 0

θ 0
. . .

. . .











.'e^�9DM1JWRi1 (4) Mln
9j
0 = −(λ + µ)π01 + µ

∞
∑

l=1

plπ0,l+1 + (1 − r)θπ10 + θπ11, (17)

0 = λπ0n − (λ + µ)π0,n+1 + µ

∞
∑

l=1

plπ0,l+n+1 + (1 − r)rnθπ10 + θπ1,n+1, n ≥ 1.

(18)� (15) A- (18) 1��!9WK
λπ0n − (λ + µ)π0,n+1 + µ

∞
∑

l=1

plπ0,l+n+1 = −θπ10r
n, n ≥ 1,F λ < pµ 5�/bG3(d 2 MQ�WR0Ai1Mi">kFj

π0n = Aβn − απ10r
n−1, n ≥ 1, (19)�Z A;BY*F�β ;i1 (6)? (0, 1)�Mi"|�e α = θr

[

λ−(λ+µ)r+µrP (r)
]−1;"y*F�sf�� (19) A- (17) �!9�WK

−(λ + µ)π01 + AµβP (β) − π10αµP (r) + θπ10 = 0.=/ α � β MY&WR
µαP (r) =

(

λ + µ −
λ

r

)

α + θ,

µβP (β) = (λ + µ)β − λ,
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−(λ + µ)π01 + A[(λ + µ)β − λ] − π10α

(

λ + µ −
λ

r

)

= 0.? (19) 9Zt n = 1 WR π01 = Aβ − π10α, <e π10α = Aβ − π01, A-09WFK
A = π01

β−r
, <e (11) /g�k��'j π10 = Aβ − π01 = π01β

β−r
− π01 = π01r

α(β−r) , A- (15) -WK (12) 9�<eg/p(dMQ��Q��
4 Æ�)�x�?(d 2 �(d 3 M'60��?{4�pM_�Dz��ZR"Dz;b�`z
rS5pvQdSMJ&�A�RfyDz;�r`,MM)lFDÆ�t� 1 b n ≥ 0, t pBn

�:rS5pvQm3N�}��z
Z0 n y�[Mvw�b k ≥ 1, t pWk
�:rS5pvQm3R k :�o�6Mvw�B0
pBn

=
(1 − r)K1

β − r
(βn − rn) , n ≥ 0, (20)

pWk
=

K1

α(β − r)
r(1 − r)k−1, k ≥ 1, (21)�Z

K1 =
[ 1

α(β − r)
+

1

1 − β

]−1

(22);"yN*F�4 ?~�/Jf.�F (2) 9� (12), (16) l9�0
πnk =

π01

α(β − r)
(1 − r)n−1rk+1, n ≥ 1, k ≥ 0,'8/�"!Z;%!K

π01 =
[ 1

α(β − r)(1 − r)
+

1

(1 − β)(1 − r)

]−1

= (1 − r)K1,�Z K1 , (22) 9N:�k�=/ pBn
= π0n, pWk

=
∞
∑

n=0
πkn, -WKYdMDz��	 1 t pB �:rS5pvQm3N�}�Mvw�t pW �:rS5pvQm3�o�6Mvw�B0

pB =
K1

1 − β
, pW =

K1

α(β − r)
.4 / (20), (21) l9$,�'M�z9

pB =

∞
∑

n=0

pBn
, pW =

∞
∑

k=1

pWk
,



788 ) , C � � Æ 43P-WKDz�Q���	 2 ,Æ2 N j�rdS5?"y�o�6�pvQj��6M:F�B Np<'F; 1 − r MNLFT.�l"�4 / P(N = k) =
pW

k

pW
4gK�9DM1J-WKDz�Q��t� 2 2 η < µ , qη < pµ /g�B�rdS5z
Z�[F L W$lFjly[gMM)�nS�� L = L0 + Ld, �Z L0 ;�+Mt�6M M/MX/1 �`M�r`,�p<'F; 1 − β M.�l"�er4`, Ld Mvwl"vj

P(Ld = n) =

{

γ, n = 0,

(1 − γ)(1 − r)rn−1, n ≥ 1,
(23)�Z

γ =
1 − r

1 − β + α(β − r)
∈ (0, 1) (24);"y*F�'8r4`, Ld p<�NM.�l"��$vw γ N3 0, $vw 1 − γN3'Fj 1 − r M.�l"M)�n�4 �'�r`,;�1 {(J(t), L(t)), t ≥ 0} bm�M�8l"�N$0

P(L = 0) =

∞
∑

k=1

πk0 =
(1 − r)K1

α(β − r)
= γ,�Z

γ =
(1 − r)K1

α(β − r)
=

1 − r

1 − β + α(β − r);*F�sf
P(L = n) =

∞
∑

k=0

πkn = π0n +

∞
∑

k=1

πkn = αγ(βn − rn) + γrn, n ≥ 1,N$%K�r`,Mvw��Fj
L(z) = αγ

[ 1

1 − βz
+
( 1

α
− 1
) 1

1 − rz

]

,/8=K9DM1J�-WK (23) 9�k��Q� γ ∈ (0, 1). /(d 3Q�Mk�"℄R α(β− r) > 0,e r > 0, 1−β > 0,N$? γ M�>9Zl��N�'e%R γ ∈ (0, 1) M2�Z;; α > 1. / α � r MY&�%�QJ2N73
1

α
=

λ − (λ + µ)r + µrP (r)

θr
=

λ − (λ + µ)r + µrP (r)

λ − (λ + η)r + ηrQ(r)
< 1,E09l�N3 θr, 'e�N�N$092N73

g(r) , µP (r) − µ < h(r) , ηQ(r) − η, r ∈ (0, 1).



5� E���h�l�7X��a!a�mou~m�5�_Lkw 789'jb r ∈ (0, 1), g′(r) > 0, g′′(r) > 0, h′(r) > 0, h′′(r) > 0, N$.� g(r), h(r) To�3 r M�F�lIR? (0, 1) 0�xSC�d�2'j g(0) = −µ < −η = h(0), g(1) =

0 = h(1), N$W0F g′(1) > h′(1), - qη < pµ 5� g(r) < h(r) �/g�<eg/pYdMQ��Q��
5 r'�����	BUu�+MD℄�6�`���-62Fz
j\5�pvQg-H-"yM),\M�o�6�F�6DB��,Æz
Z~0�[�BpvQH-��NB�[MI>�mB�pvQH-N�}��t�1`�W$. GI/M/1 � Markov �1=��W;85;D℄�6�N=gM�1t�	3/7 =O0, (1) N:MV�D��E�Zf℄%; 2 AM�^�b�1i��rl"N{iM)li1lbGMlx�WK,}Dz (OY|B�3�n<x):t� 3 t pI �:rS5pvQm3��Mvw�t pB �:rS5pvQm3N�}�Mvw�t pW �:rS5pvQm3�o�6Mvw�B0

pI =
θ

λ
K2,

pB = K2

[(

α +
θ

λ

) β

1 − β
−

αr

1 − r

]

,

pW =
K2

1 − r
,�Z

K2 =
[(

α +
θ

λ

) 1

1 − β
+

1 − α

1 − r

]−1

∈ (0, 1);"y*F�t� 4 2 η < µ , qη < pµ /g�B�rdS5z
Z�[F L W$lFjly[gMM)�nS�� L = L0 + Ld, �Z L0 ;�+Mt�6M M/MX/1 �`M�r`,�p<'F; 1 − β M.�l"�er4`, Ld Mvwl"vj
P(Ld = n) =

{

ξ, n = 0,

(1 − ξ)(1 − r)rn−1, n ≥ 1,�Z
ξ =

(λ + θ)K2

λ(1 − β)
∈ (0, 1);"y*F�'8r4`, Ld p<�NM.�l"��$vw ξ N3 0, $vw 1 − ξN3'Fj 1 − r M.�M)�n��	Bk�U4�,Æ P(X = 1) = 1 � P(Y = 1) = 1, -tz?�6�";?N�}���:Wpv"y�[�BJ5%K

r =
1

2η

(

λ + η + θ −
√

(λ + η + θ)2 − 4λη
)

, β =
λ

µ
,
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α =

θr

(1 − r)(λ − µr)
=

λ − ηr

λ − µr
,W$�Q�85�pMDz6KUM M/M/1 �o�6�`M�+Dz"X [4,5], <e�p��; [4,5] ZUuM�+��Me	�
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Analysis for a Working Vacation Queue

with Batch Service
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Abstract In this paper, we consider an M/M/1 queue with multiple or single working

vacation and batch service both in regular busy period and in working vacation, where the

batch size in regular busy period or in working vacation period is assumed to be random

variable with different distribution. The queueing system can be modeled by a special

GI/M/1 type Markov process. By solving the stationary distribution for the process, we

obtain some exact descriptions for the stationary status of the server. We also give the

stochastic decomposition structure for stationary queue length of the queue.

Key words M/M/1 queue; batch service; working vacation; GI/M/1 type Markov process;

stochastic decomposition
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