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1 41v G#!Y m��< n�	4:�,6��G<FD�# V (G) = {v1, v2, · · · , vn},��# E(G) = {e1, e2, · · · , em}. v A(G) = (akj)n×n # G<���o�_� akj �:� vk^ vj <�<	Q�_�qy# λ1 ≥ λ2 ≥ · · · ≥ λn. n×m ��o I(G) �~ G<h8�o�r vi ^ ej h8�g�o I(G)< (i, j)`Æ# 1,Vg# 0. D(G) = diag {d1, d2, · · · , dn}#� G <JK��o�%�o L(G) = D(G)−A(G) #� G </[/��o�_�qy# u1 ≥ u2 ≥ · · · ≥ un; Q(G) = D(G) + A(G) #� G <,Xp/[/��o�_�qy# q1 ≥ q2 ≥ · · · ≥ qn. X\ L(G) r Q(G) H#|K%

sG�o�P-_�qyH�TZ|	�r G #:�<P"��g qi > 0, _� i = 1, 2, · · · , n − 1 
 qn = 0[1]. r
G #:�TP"��g qi > 0, _� i = 1, 2, · · · , n (� [2]), 
Y n∑

i=1

qi =
n∑

i=1

ui = 2m (�
[1]). eLh\/[/��qy�,Xp/[/��qy<�F+#' [1–5].

1978 W� Gutman[6] �*�<S=<^X�
� G <S= E(G) GN#���o�& 2015 V 10 d 15 p�7�2018 V 3 d 15 p�7>\_�
∗ j��k)B{� (11301217,11571139), Y�y�k)B{� (2018J01419) ��4P�
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A(G) �qy<#Kyvr�S=^wC(��Lh8 [7,8], ��[A_<wqE��S=<^X� i8nL|�o [9], �o M <S=# M <`O�qyvr��o M <`O�qy#�o MMT <�qy<TZYSd�_� MT � M <�}�

2009 W Jooyandeh >m [10] 
� G <h8S= IE (G) GN# G <h8�o I(G)<`O�qyvr�ZX�o<GNu� I(G) I(G)T = D(G) + A(G) = Q(G), �I
IE (G) =

n∑

i=1

√
qi (� [7]). eLh\ IE (G) <�F+I#' [1,10–13]. �<2/[/�S= LEL (G) �GN# LEL (G) =

n∑

i=1

√
ui (� [14]). 
(o#T/[/�S= [14] ^/[/�S=yYtL3
, [15], u0<E�Q1�T/[/�S=<=~e��\�<S=<=~ [16]. eLh\ LEL <�F+#' [17,18].v α#|	
 α 6= 0, 1,� G</[/��qy α/N<	r�# σα, σα = σα(G) =

n−1∑

i=1

uα
i . (� [19]).5 α = 0 z α = 1, Y σ0 = n − 1 z σ1 = 2m, _� m #� G <�	��L8 σ1/235\ LEL (G) 
 nσ−1 35\ G < Kirchhoff z� [20−22]. K\eL<h\ Kirchhoffz�<E��Ik+I#(
�<'j [19,23−26].d IE (G), LEL (G) � σα <^X� Akbari et al.[27] 
� G <,Xp/[/��qy α /N<	r�# sα, � sα = sα(G) =

n∑

i=1

qα
i .5 α = 0 z α = 1 z�gY s0 = n z s1 = 2m. �L8 s1/2 35\h8S= IE (G).K\nL<P"��/[/��qy^,Xp/[/��qy�G|< [1−3,5,28]. P-�K\nL<P"�� σα(G) >\ sα(G) (see [29]). LEL (G) >\ IE (G) (� [1]).�W0�Zhou[16] ℄�? [19]�� sα(G)<��Das[13] 
*P"�< sα(G) <��

Bozkurt[29] ℄�? [23] �<"U�k
�G 
*TP"�< sα(G) <�� Bozkurt,

Gutman >m [30] ℄�? Li[31] TP"�< sα(G) <��eLh\ sα(G) <t-�<E��Ik+I#('j [1,27,30,32].�'<℄-"U�eB 3 ���*K�u?G9:��< sα(G) <;<���℄�? [32]�<"U�F�eB 4���eB 3�<|+t*K�F?sg�< Mycielskian��sg��
sgP"�< Double �m9���2< sα(G) <;<��Xm9�F<��e-+:83T�<h8S=<��
2 4�C G1 × G2 #� G1 r G2 <?%N} [33]. C t(G) r t(G × K2) U��~� G r� G × K2 <x&�	Q�C ∆ r δ U��~� G FD<
2Jr
7J�5� 2.1[28] L(G) r Q(G) <\3�5
�5� G �P"��5� 2.2[4] r G #!Y n aFD<:�P"��g

n−1∏

i=1

qi = nt(G).



4℄ $Mn�?5f��;+Wo.Z.��px α .M�q;� 563r G #!Y n aFD<:�TP"��g
n∏

i=1

qi =
2t(G × K2)

t(G)
.5� 2.3[4] v G #GY 1 JFD<:���_
2J# ∆, g

q1 ≥ 1 + ∆ +
1

∆ − 1
,>p&65
�5 G #i�5� 2.4[34] v G #!Y m ��� n aFD<Tsg��
_
2J# ∆, 
7J# δ, g

q1 >
4m

n
+

(∆ − δ)
2

2n∆
.5� 2.5[2] v G�w�# d <:���r G aY k avO<,Xp/[/��qy�g d + 1 ≤ k.5� 2.6[35] � G #P"�5
�5�<\h\aDK%�5� 2.7 (Jensen’sInequality) r f �GNeg� I t<t�m	 (-�m	), 


xi ∈ I, i = 1, 2, · · · , n, g
f
(x1 + x2 + · · · + xn

n

)

≥ (≤)
f(x1) + f(x2) + · · · + f(xn)

n
.K\D`<�m	�t��>}>p&65
�5 x1 = x2 = · · · = xn.5� 2.8[32] v G#!Y n ≥ 3aFD�m���
2J# ∆<:���C α 6= 0, 1.

(i) r α < 0 z α > 1, g
sα(G) > (1 + ∆)α +

(2m − 1 − ∆)
α

(n − 1)α−1 . (1)

(ii) r 0 < α < 1, g
sα(G) < (1 + ∆)α +

(2m − 1 − ∆)
α

(n − 1)α−1 . (2)

3 30�(*Æ s
α
(G) Æ".���*K�F?G9:��< sα(G) <;<���℄�? [32] �<"U�F��� 3.1 v G #!Y n ≥ 3 aFD� m ��<Tsg:���

(i) r G #P"��g
sα(G) >

(4m

n
+

(∆ − δ)2

2n∆

)α

+ (n − 2)
(n t(G)

4m/n
+ (∆ − δ)2/2n∆

)α/(n−2)

. (3)
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(ii) r G #TP"��g
sα(G) >

(4m

n
+

(∆ − δ)2

2n∆

)α

+ (n − 1)
( 2 t(G × K2)

(4m/n + (∆ − δ)2/2n∆) t(G)

)α/(n−1)

. (4)C (i) XQ4 2.2 u� n−1∏

i=1

qi = n t(G). X���sY$�>}�+:
sα(G) =qα

1 +

n−1∑

i=2

qα
i ≥ qα

1 + (n − 2)
( n−1∏

i=2

qα
i

)1/(n−2)

=qα
1 + (n − 2)

(n t(G)

q1

)α/(n−2)

,>p&65
�5 q2 = · · · = qn−1.(Dm	
f(x) = xα + (n − 2)(nt(G)/x)α/(n−2).Ju�KnL< α > 0 z α < 0, 5 x ≥ (nt(G))1/(n−1) z�m	 f(x) #4EChm	�XQ4 2.4 ����sY$�>}�+:

q1 > 4m/n + (∆ − δ)2/2n∆ ≥ 2m/(n − 1) ≥ (nt(G))1/(n−1).�I
sα(G) >f

(4m

n
+

(∆ − δ)2

2n∆

)

=
(4m

n
+

(∆ − δ)2

2n∆

)α

+ (n − 2)
( nt(G)

4m/n + (∆ − δ)2/2n∆

)α/(n−2)

.0M: (3). G4BG"U:t�
(ii) XQ4 2.2 ����sY$�>}�+:

sα(G) = qα
1 +

n∑

i=2

qα
i ≥ qα

1 + (n − 1)
( n∏

i=2

qα
i

)1/(n−1)

= qα
1 + (n − 1)

(2 t(G × K2)

t(G)q1

)α/(n−1)

,>p&65
�5 q2 = · · · = qn.(Dm	
g(x) = xα + (n − 1)

(2t(G × K2)

t(G)x

)α/(n−1)

.Ju�KnL< α > 0 z α < 0, 5 x >
( 2t(G×K2)

t(G)

)1/n z� g(x) #4EChm	�XQ4 2.4, +:
q1 >

4m

n
+

(∆ − δ)2

2n∆
>

2m

n
.d ���sY$�>}�Q4 2.2, +u

2m

n
=

1

n

n∑

i=1

qi ≥
( n∏

i=1

qi

)1/n

=
(2t(G × K2)

t(G)

)1/n

. (5)
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sα(G) >g

(4m

n
+

(∆ − δ)2

2n∆

)

=
(4m

n
+

(∆ − δ)2

2n∆

)α

+ (n − 1)
( 2 t(G × K2)

(4m/n + (∆ − δ)2/2n∆)t(G)

)α/(n−1)

.0M: (4). t���� 3.2 (i) v G #!Y n ≥ 3 aFD<Tsg:�P"��r α < 0 z α > 1, g
sα(G) >

(4m

n
+

(∆ − δ)
2

2n∆

)α

+
(2m − 4m

n − (∆−δ)2

2n∆ )
α

(n − 2)
α−1 . (6)r 0 < α < 1, g

sα(G) <
(4m

n
+

(∆ − δ)
2

2n∆

)α

+
(2m − 4m

n − (∆−δ)2

2n∆ )
α

(n − 2)
α−1 . (7)

(ii) v G #!Y n ≥ 3 aFD�m ���
2FDJ# ∆ 

7FDJ# δ <Tsg:�TP"��r α < 0 z α > 1, g
sα(G) >

(4m

n
+

(∆ − δ)
2

2n∆

)α

+
(2m − 4m

n − (∆−δ)2

2n∆ )
α

(n − 1)
α−1 . (8)r 0 < α < 1, g

sα(G) <
(4m

n
+

(∆ − δ)
2

2n∆

)α

+
(2m − 4m

n − (∆−δ)2

2n∆ )
α

(n − 1)
α−1 . (9)C (i) �/�v G #P"��KnL< α < 0 z α > 1, 5 x > 0 z� xα #-�m	�XQ4 2.7, +:

(n−1∑

i=2

1

n − 2
qi

)α

≤
n−1∑

i=2

1

n − 2
qα
i ,�

n−1∑

i=2

qα
i ≥ 1

(n − 2)
α−1

(n−1∑

i=2

qi

)α

,>p&65
�5 q2 = · · · = qn−1. 0MY
sα(G) ≥ qα

1 +
1

(n − 2)
α−1

(n−1∑

i=2

qi

)α

= qα
1 +

(2m − q1)
α

(n − 2)
α−1 .
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f(x) = xα +

(2m − x)
α

(n − 2)
α−1 .Ju�5 x ≥ 2m/(n − 1) z�m	 f(x) #4EChm	�XQ4 2.4 �(D8

q1 > 4m/n + (∆ − δ)2/2n∆ > 4m/n > 2m/(n− 1), +:KnL< α < 0 z α > 1,

sα(G) > f
(4m

n
+

(∆ − δ)
2

2n∆

)

=
(4m

n
+

(∆ − δ)
2

2n∆

)α

+
(2m − 4m

n − (∆−δ)2

2n∆ )
α

(n − 2)
α−1 .0M: (6).r 0 < α < 1, �L85 x > 0 z� xα #t�m	��I

(n−1∑

i=2

1

n − 2
qi

)α

≥
n−1∑

i=2

1

n − 2
qα
i ,>p&65
�5 q2 = · · · = qn−1. K\nL x ≥ 2m/(n − 1), f(x) 4EC
�0MX2
t�<�F�*K+It: (7).

(ii) 1e(D5 G #TP"�<e-�X2
 (i) <�F+u�K\nL< α < 0z α > 1, 5 x > 0 z� xα #-�m	�XQ4 2.7, +:
( n∑

i=2

1

n − 1
qi

)α

≤
n∑

i=2

1

n − 1
qα
i ,�

n∑

i=2

qα
i ≥ 1

(n − 1)
α−1

( n∑

i=2

qi

)α

,>p&65
�5 q2 = · · · = qn. 0MY
sα(G) ≥ qα

1 +
1

(n − 1)
α−1

( n∑

i=2

qi

)α

= qα
1 +

(2m − q1)
α

(n − 1)
α−1 .Ju�5 x > 2m/n z� g(x) = xα + (2m − x)α/(n − 1)α−1 #4EChm	�X\ q1 > 4m/n + (∆ − δ)2/2n∆ > 4m/n > 2m/n, fKnL< α < 0 z α > 1, sα(G) >

g
(

4m
n + (∆−δ)2

2n∆

)
. 0M: (8).r 0 < α < 1, KnL< 0 < α < 1, 5 x > 0 z� xα #t�m	��I

( n∑

i=2

1

n − 1
qi

)α

≥
n∑

i=2

1

n − 1
qα
i ,>p&65
�5 q2 = · · · = qn. X\5 x > 2m/n z� g(x) #4EC
m	�0M*K+It: (9). G4t���� 3.3 v G #!Y n ≥ 3 aFD
GY 1 JFD<:��� (i) r G #P"��g

sα(G) ≥
(

1 + ∆ +
1

∆ − 1

)α

+ (n − 2)
( n t(G)

1 + ∆ + 1/(∆ − 1)

)α/(n−2)

, (10)
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�5 G ∼= C4.

(ii) r G #TP"��g
sα(G) ≥

(

1 + ∆ +
1

(∆ − 1)

)α

+ (n − 1)
( nt(G × K2)

t(G) (1 + ∆ + 1/(∆ − 1)

)α/(n−1)

, (11)>p&65
�5 G ∼= C3.C (i) X 1 + ∆ ≥ 1 + 2m/n = (2m + n)/n ≥ 2m/(n− 1), +u 1 + ∆ + 1/(∆ − 1) >

2m/(n− 1).XQ4 2.3 ����sY$�>}�+: q1 ≥ 1 + ∆ + 1/(∆ − 1) > 2m/(n − 1) ≥
(nt(G))1/(n−1). �I2
G4 3.1 <tO�+: sα(G) ≥ f(1 + ∆ + 1/(∆− 1)). 0M:8
(10).r (10) �<>p&6�g q1 = 1 + ∆ + 1/(∆− 1), q2 = · · · = qn−1. XQ4 2.3 u G#i�ZXQ4 2.5 u G #w�{L# 2 <P"��0M+u G ∼= C4.Rv�r G ∼= C4, *KJu (10) �>p&6�

(ii) XQ4 2.3 � (5) :�
q1 ≥ 1 + ∆ + 1/(∆ − 1) > ∆ ≥ 2m/n ≥

(2 t(G × K2)

t(G)

)1/n

.�I2
G4 3.1 <tO+:� sα(G) ≥ (1 + ∆ + 1/(∆ − 1)). 0M:8 (11).r (11)�<>p&6�gY q1 = 1+∆+1/(∆−1), q2 = · · · = qn. XQ4 2.3u�G#i�ZXQ4 2.5 u� G aY;a��<,Xp/[/��qy�0Mt: G ∼= C3.Rv�r G ∼= C3, *K+Iw�t: (11) �<>p&6�t���� 3.4 (i) v G #!Y n ≥ 3 aFD
GY 1 JFD<:�P"��r α < 0z α > 1, g
sα(G) ≥

(

1 + ∆ +
1

∆ − 1

)α

+
(2m − 1 − ∆ − 1/(∆ − 1))α

(n − 2)
α−1 . (12)r 0 < α < 1, g

sα(G) ≤
(

1 + ∆ +
1

∆ − 1

)α

+
(2m − 1 − ∆ − 1/(∆ − 1))

α

(n − 2)
α−1 . (13)�>} (12) z (13) �>p&65
�5 G ∼= C4.

(ii) v G #!Y n ≥ 3 aFD�m ���
2FDJ# ∆ 
GY 1 JFD<:�TP"��r α < 0 z α > 1, g
sα(G) ≥

(

1 + ∆ +
1

∆ − 1

)α

+
(2m − 1 − ∆ − 1/(∆ − 1))

α

(n − 1)α−1 . (14)



568 R U � � � � 41"r 0 < α < 1, g
sα(G) ≤

(

1 + ∆ +
1

∆ − 1

)α

+
(2m − 1 − ∆ − 1/(∆ − 1))α

(n − 1)
α−1 . (15)�>} (14) z (15) �>p&65
�5 G ∼= C3.C (i)�/(D G#P"�<e-�XG4 3.3<tO+u�q1 ≥ 1+∆+1/(∆−1) >

2m/(n− 1). 2
G4 3.2 <tO�+: (12) � (13).�>} (12) z (13)�<>p&65
�5 q1 = 1+ ∆+ 1/(∆− 1), q2 = · · · = qn−1.2
G4 3.3 <tOl'�+u (12) z (13) �>p&65
�5 G ∼= C4.

(ii) (D G#TP"�<e-�XQ4 2.3,+: q1 ≥ 1+∆+1/(∆−1) > ∆ ≥ 2m/n.2
G4 3.2 <tOl'�+: (14) � (15).�>} (14) z (15) �<>p&65
�5 q1 = 1 + ∆ + 1/(∆ − 1), q2 = · · · = qn.2
G4 3.3 <tOl'�+u (14) z (15) �>p&65
�5 G ∼= C3. t��; XG4 3.4 <tOu�r α < 0 z α > 1, g-� (12) r (14) �-� (1) en�r 0 < α < 1, gt� (13) r (15)�t� (2)en�P-G4 3.4 ℄�? [32, Q4 2.8] �<�F�
4 30%#*�Æ sα(G)Æ".���*K�Fsg�< Mycielskian��sg��
sgP"�< Double �m9���2< sα(G) <t-��

Mycielski e [36] �GN?G�Yh<�<�x�%v# G < Mycielskian, G �l�xu:8<��# µ(G). KnL<	4:�� G = (V, E), G < Mycielskian ���
µ(G) <FD�# V (µ(G)) = V (G) ∪ V ′(G) ∪ {u}, _� V ′(G) = {x′ : x ∈ V (G)}, ��#
E(µ(G)) = E(G) ∪ {xy′ : y′ ∈ V ′(G), xy ∈ E(G)} ∪ {y′u : y′ ∈ V ′(G)}. e µ(G) �% x′ #
x <
Æ��RvKl�
% u # µ(G) <d��� 4.1 v G #!Y n aFD� m ��< r sg��

(i) 5 α < 0 z α > 1 z�gY
sα(µ(G)) > 31−α(4r + 1 + n)α + 21−α(n − 1)1−α[(3r + 1)(n − 1) − r]α. (16)

(ii) 5 0 < α < 1 z�gY
sα(µ(G)) < 31−α(4r + 1 + n)α + 21−α(n − 1)1−α[(3r + 1)(n − 1) − r]α. (17)C C A(G) # G <���o�_�qy# λ1 ≥ λ2 ≥ · · · ≥ λn. X\ A(G) �|K%�o�gY A = PDPT , _� D #K��o diag (λ1, · · · , λn), P �sÆ�q6=#

pi <sÆ�o��KnL< i, Api = λipi. ����r� e #j 1 < n $6=�gY
p1 = e√

n
. P-�K\nL< i = 2, · · · , n, Y eT pi = 0, 0M+: eT P = (

√
n, 0, · · · , 0).



4℄ $Mn�?5f��;+Wo.Z.��px α .M�q;� 569d µ(G) <GN�+u µ(G) <���orJ�oU�#	
A(µ(G)) =






A A 0

A 0 e

0 eT 0




 , D(µ(G)) =






2rIn 0 0

0 (r + 1)In 0

0 0 n




 .X µ(G) <,Xp/[/��o# Q(µ(G)) = A(µ(G))+ D(µ(G)) 
 A = PDPT , +:

Q(µ(G)) =






A + 2rIn A 0

A (r + 1)In e

0 eT n




 =






PDPT + 2rIn PDPT 0

PDPT (r + 1)In e

0 eT n




 ,

=






P 0 0

0 P 0

0 0 1











D + 2rIn D 0

D (r + 1)In PT e

0 eT P n











PT 0 0

0 PT 0

0 0 1




 .X P �sÆ�o�+u Q(µ(G)) <\^�o B <\3��_�

B =






D + 2rIn D 0

D (r + 1)In PT e

0 eT P n




 =

















λ1 + 2r λ1 0
. . .

. . .
...

λn + 2r λn 0

λ1 r + 1
√

n
. . .

. . .
...

λn r + 1 0

0 · · · 0
√

n · · · 0 n

















.

0MY
|tI2n+1 − B| =

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

t − λ1 − 2r −λ1 0
. . .

. . .
...

t − λn − 2r −λn 0

−λ1 t − r − 1 −√
n

. . .
. . .

...

−λn t − r − 1 0

0 · · · 0 −√
n · · · 0 t − n

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

.

d [37], i& det(tI2n+1 − B), +w�:8
|tI2n+1 − B| =

∣
∣
∣
∣
∣
∣
∣

t − λ1 − 2r −λ1 0

−λ1 t − r − 1 −√
n

0 −√
n t − n

∣
∣
∣
∣
∣
∣
∣

∣
∣
∣
∣

t − λ2 − 2r −λ2

−λ2 t − r − 1

∣
∣
∣
∣

· · ·
∣
∣
∣
∣

t − λn − 2r −λn

−λn t − r − 1

∣
∣
∣
∣
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=

[
t3 − (4r + 1 + n)t2 + (2r2 + 4rn + 3r)t − 2r2n

]
n∏

i=2

[t2 − (3r + λi + 1)t

+(2r2 + 2r + λir + λi − λ2
i )

]
.P-� B <\�� µ(G) <,Xp/[/�\#

{

t1 , t2 , t3 , t21 , · · · , tn1
︸ ︷︷ ︸

n−1

, t22 , · · · , tn2
︸ ︷︷ ︸

n−1

}

,_� t1, t2, t3 #s/L5} t3 − (4r + 1 + n)t2 + (2r2 + 4rn + 3r)t − 2r2n <d (X\ G� r sg<�+u λ1 = r) 
 t1 + t2 + t3 = 4r + 1 + n. ti1, ti2 # t2 − (3r + λi + 1)t +

(2r2 + 2r + λir + λi − λ2
i ) <d
 ti1 + ti2 = 3r + λi + 1 ( i = 2 , · · · , n). 0MY
sα(µ(G)) = tα1 + tα2 + tα3 +

n∑

i=2

(tαi1 + tαi2).

(i) �L85 x > 0, α < 0 z α > 1 z� xα #-�m	�XQ4 2.7, +:
( t1 + t2 + t3

3

)α

≤ tα1 + tα2 + tα3
3

,
( ti1 + ti2

2

)α

≤ tαi1 + tαi2
2

,�
tα1 + tα2 + tα3 ≥ 31−α(t1 + t2 + t3)

α = 31−α(4r + 1 + n)α,

tαi1 + tαi2 ≥ 21−α(ti1 + ti2)
α = 21−α(3r + 1 + λi)

α.0MY
sα(µ(G)) ≥31−α(4r + 1 + n)α +

n∑

i=2

21−α(3r + 1 + λi)
α

≥31−α(4r + 1 + n)α + 21−α(n − 1)1−α
( n∑

i=2

(3r + 1 + λi)
)α

=31−α(4r + 1 + n)α + 21−α(n − 1)1−α[(3r + 1)(n − 1) − r]
α
,>p&65
�5 t1 = t2 = t3, ti1 = ti2 = 1

2 (3r + 1 + λi), i = 2, · · · , n 
 λ2 = λ3 =

· · · = λn.

(ii) (D 0 < α < 1 <e<��L85 x > 0 
 0 < α < 1 z� xα #t�m	�P-��l2
 (i) <�F+:
sα(µ(G)) ≤ 31−α(4r + 1 + n)α + 21−α(n − 1)1−α[(3r + 1)(n − 1) − r]α.�>} (18) z (19) �>p&65
�5 λ2 = λ3 = · · · = λn. X G # r sg�u

λ1 = r. P-�GaY;a��<,Xp/[/��qy�0MXQ4 2.5,+u G ∼= Kn.
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L5} t3− (4r + 1 + n)t2 +

(2r2 + 4rn + 3r)t− 2r2n, � t3 − (5n− 3)t2 + (4n2 + n − 5)t− 2(n3 − 2n2 + n) �Ysa3�<d�0l�+S*1m�e-�0M+: (16) z (17). t��
G < Double �� D(G) �FD�# V (D(G)) = V (G) ∪ V ′(G), _� V ′(G) =

{x′ : x ∈ V (G)}. ��# E(D(G)) = E(G) ∪ E′(G) ∪ {xy′ : y′ ∈ V ′(G), xy ∈ E(G)}, _� E′(G) = {x′y′ : x′ ∈ V ′(G), xy ∈ E(G)}.�� 4.2 v G #!Y n aFD� m ��< r sg��
(i) 5 α < 0 z α > 1, gY

sα(D(G)) ≥ (2r)α(n + 2α + (n − 1)1−α(n − 2)α). (18)

(ii) 5 0 < α < 1, gY
sα(D(G)) ≤ (2r)α(n + 2α + (n − 1)1−α(n − 2)α). (19)�>} (20) z (21) �>p&65
�5 G ∼= Kn.t2
G4 4.1 <tO�d D(G) <GN�+u D(G) <���orJ�oU�#

A(D(G)) =

(
A A

A A

)

, D(D(G)) =

(
2rIn 0

0 2rIn

)

.X D(G) <,Xp/[/��o# Q(D(G)) = A(D(G)) + D(D(G)) 
d G4
4.1 <tO�Y A = PDPT , _� P �sÆ�q6=# pi <sÆ�o��KnL<
i,Api = λipi. 0MY

Q(D(G)) =

(
A + 2rIn A

A A + 2rIn

)

=

(
PDPT + 2rIn PDPT

PDPT PDPT + 2rIn

)

=

(
P 0

0 P

) (
D + 2rIn D

D D + 2rIn

) (
PT 0

0 PT

)

.C
C =

(
D + 2rIn D

D D + 2rIn

)

.d [37] i& det(tI2n − C). 2
G4 4.1 <tO�+w�:8
|tI2n − C| = (t − 2r)n

n∏

i=1

(t − 2λi − 2r) = (t − 2r)n2nPA(G)

( t

2
− r

)

.P-�� C <\�� D(G) <,Xp/[/�\#
{

2r , · · · , 2r
︸ ︷︷ ︸

n

, 4r , 2(λ2 + r) , · · · , 2(λn + r)
︸ ︷︷ ︸

n−1

}

.
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sα(D(G)) = n(2r)α + (4r)α +

n∑

i=2

(2(λi + r))
α
.

(i) �L85 x > 0, α < 0 z α > 1 z� xα #-�m	�XQ4 2.7, +:
n∑

i=2

(2(λi + r))
α

n − 1
≥

(

n∑

i=2

2(λi + r)

n − 1

)α

=
(2r(n − 2)

n − 1

)α

,�
n∑

i=2

(2(λi + r))
α ≥ (n − 1)1−α(2r(n − 2))α,>p&65
�5 2(λ2 + r) = · · · = 2(λn + r), � λ2 = · · · = λn.0MY

sα(D(G)) ≥n(2r)α + (4r)α + (n − 1)1−α(2r(n − 2))α

=(2r)α(n + 2α + (n − 1)
1−α

(n − 2)
α
).

(ii) (D 0 < α < 1 <e<��L85 x > 0 
 0 < α < 1 z� xα #t�m	�P-��l2
 (i) <�F+:
sα(D(G)) ≤ (2r)α(n + 2α + (n − 1)

1−α
(n − 2)

α
).�>} (20) z (21) �>p&65
�5 λ2 = · · · = λn. X G # r sg�u λ1 = r.P-� G aY;a��<,Xp/[/��qy�0MXQ4 3.2.3, +u G ∼= Kn.Rv�r G ∼= Kn, 0l�>} (20) z (21) �>p&6�t���� 4.3 v G #!Y n1 a r1 JFD� n2 a r2 JFD<
sgP"��_�

n1 ≥ n2.

(i) 5 α < 0 z α > 1 z�Y
sα(D(G)) ≥ (2n1 − n2)(2r1)

α + n2(2r2)
α + 2n2(r1 + r2)

α. (20)

(ii) 5 0 < α < 1 z�Y
sα(D(G)) ≤ (2n1 − n2)(2r1)

α + n2(2r2)
α + 2n2(r1 + r2)

α. (21)�>} (22) z (23) �>p&65
�5 G #!jP"��C �L8 D(G) <���orJ�oU�#
A(D(G)) =

(
A(G) A(G)

A(G) A(G)

)

, D(D(G)) =

(
2D(G) 0

0 2D(G)

)

,
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Q(D(G)) = A(D(G)) + D(D(G)), +:
Q(D(G)) =

(
A(G) + 2D(G) A(G)

A(G) A(G) + 2D(G)

)

=








2r1In1
KT 0 KT

K 2r2In2
K 0

0 KT 2r1In1
KT

K 0 K 2r2In2








,_� K � n2 × n1 �o�0MY
∣
∣xI − Q(D(G))

∣
∣ =

∣
∣
∣
∣
∣
∣
∣
∣
∣

(x − 2r1)In1
−KT 0 −KT

−K (x − 2r2)In2
−K 0

0 −KT (x − 2r1)In1
−KT

−K 0 −K (x − 2r2)In2

∣
∣
∣
∣
∣
∣
∣
∣
∣

=

∣
∣
∣
∣
∣
∣
∣
∣
∣

(x − 2r1)In1
0 (2r1 − x)In1

0

0 (x − 2r2)In2
0 (2r2 − x)In2

0 0 (x − 2r1)In1
−2KT

0 0 0 (x − 2r2)In2
− 4KKT

x−2r1

∣
∣
∣
∣
∣
∣
∣
∣
∣

=(x − 2r1)
2n1(x − 2r2)

n2

∣
∣
∣(x − 2r2)In2

− 4KKT

x − 2r1

∣
∣
∣

=(x − 2r1)
2n1−n2(x − 2r2)

n2

∣
∣(x − 2r1)(x − 2r2)In2

− 4KKT
∣
∣.Hu

A(G) =

(
0 KT

K 0

)

, A(G)2 =

(
KT K 0

0 KKT

)

.C PM (x)#�oM <�qL5}�+u PKT K(x) = xn1−n2PKKT (x),P- PA(G)2(x) =

xn1−n2PKKT (x)2. Hu A(G)
2 <�qy� A(G) �qy<YS�XQ4 2.6 u A(G) �qyh\ 0 K%�gY PA(G)2(x) = PA(G)(

√
x)2. Xt�+:

PKKT (x) =

√

PA(G)2(x)

xn1−n2

=
√

xn2−n1PA(G)(
√

x).v λ1, · · · , λn # A(G)<�qy�X>} (24)+uKKT <�qy# λ2
i , i = 1, · · · , n2.P-

∣
∣xI − Q(D(G))

∣
∣ =(x − 2r1)

2n1−n2(x − 2r2)
n2

n2∏

i=1

[(x − 2r1)(x − 2r2) − 4λ2
i ]

=(x − 2r1)
2n1−n2(x − 2r2)

n2

n2∏

i=1

[x2 − 2(r1 + r2)x + 4r1r2 − 4λ2
i ].P-�
sgP"� G < Double � D(G) <,Xp/[/��qy# 2n1 − n2 >\ 2r1,n2 >\ 2r2, _℄ 2n2 a#	

ti1,i2 =
1

2

[

2(r1 + r2) ±
√

4(r1 + r2)
2 + 16λ2

i − 16r1r2

]

, i = 1, 2, · · · , n2.
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sα(D(G)) = (2n1 − n2)(2r1)

α + n2(2r2)
α +

n2∑

i=1

(tαi1 + tαi2).

(i) �L85 x > 0, α < 0 z α > 1 z� xα #-�m	�X Jensen’s Inequality, +:
( ti1 + ti2

2

)α

≤ tαi1 + tαi2
2

,�
tαi1 + tαi2 ≥ 21−α(ti1 + ti2)

α = 21−α(2(r1 + r2))
α = 2(r1 + r2)

α>p&65
�5 ti1 = ti2 = r1 + r2, i = 1, 2, · · · , n2. 0MY
sα(D(G)) ≥ (2n1 − n2)(2r1)

α + n2(2r2)
α + 2n2(r1 + r2)

α.

(ii) (D 0 < α < 1 <e<��L85 x > 0 
 0 < α < 1 z� xα #t�m	�P-��l2
 (i) <�F+:
sα(D(G)) ≤ (2n1 − n2)(2r1)

α + n2(2r2)
α + 2n2(r1 + r2)

α.�>} (22) z (23) �>p&65
�5 ti1 = ti2 = r1 + r2, i = 1, 2, · · · , n2. �L8
D(G) aYsa��<,Xp/[/��qy�XQ4 2.5, +u G �w�{L# 2 <
sgP"��0M+u G #!jP"��Rv�r G #!jP"��0l�>} (22) z (23) �>p&6�t��; C α = 1/2 z��+XIt<�F:8h8S=<t-��� � , /
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Bounds for the Sum of αth Powers of the Signless Laplacian

Eigenvalues of Some Graphs

CHEN Yizhen XU Liqiong†

(School of Science, Jimei University, Xiamen 361021, China)

(†E-mail: xuliqiong@jmu.edu.cn)

Abstract Let G be a simple graph. The graph invariant sα(G) is equal to the sum of αth

powers of the signless Laplacian eigenvalues of G, for any real α (α 6= 0, 1). In this paper, we

obtain some new bounds for sα(G) of connected graphs. Moreover, we also give some new

bounds for sα(G) of the Mycielskian of a regular graph and the Double graph of regular

and semi-regular bipartite graphs. These results yield, as immediate special cases, bounds

for the incidence energy.

Key words αth powers of the signless Laplacian eigenvalues; Mycielskian graph;

Double graph
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