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498 � � � y y � 41zLY Ni , Πi ≡ (πi1, · · · , πiki
)T ~(>d i 
p~-^��J�,�%d��IGo$ T '�d�7uD^bS�l.OuI�d� n # r 0~o<RÆJn�I r 
p~-�J N = Σri=1Ni , n ≡ (n11, · · · , n1k1 ; · · · ;nr1, · · · , nrkr

)T . I{ k =
r∑
i=1

ki <��Ou�%d� Πi �Kn�℄s7o
πij(θ) =

exp(wTijθ)

Σki

l=1 exp(wTilθ)
, for i = 1, · · · , r, j = 1, · · · , ki, (1.1)LY wij � t?�d��u k× tbuD W = (w11, · · · , w1k1 ; · · · ;wr1, · · · , wrkr

)T �*UR"^�d�o+ k?�d�o ν1, · · · , νr℄sJ��IG νi = (0Tk1 , · · · ,0Tki−1
,1Tki

,0Tki+1
, · · ·,

0Tkr
)T , 1l �.�[> 1 ^ l ?�d�� 0l �.�[> 0 ^ l ?�d��u t < k − r <��7o (1.1) ^2� θ �:E
 t ?}�? Rt YWN�u L(θ) �2� θ ^�_&����H4

logL(θ) = C −N
r∑

i=1

ki∑

j=1

nij
N

log
nij

Npij(θ)
= C −N ×Dkullback(P̂ , P (θ)),LY P̂ = n/N , P (θ)T =

(
N1

N
Π1(θ)

T , · · · , Nr

N
Πr(θ)

T
)
, pij(θ) > P (θ) Yn�BS^~�� C �+2� θ J�^8��/8:�o�Y^ Dkullback(P,Q) =

k∑
i=1

pi log
(
pi

qi

)> Kullback-Leibler(KL)ll��l���%d� P = (p1, · · · , pk)T , Q = (q1, · · · , qk)TKQ^7��#o��I�>O�_�I (MLE) �fTf�
θ̂mle = argmin

θ∈Rt

Dkullback(P̂ , P (θ)).

Ali , Silvey[1] : 1966 C�g� φ- ll
Dφ(P,Q) =

k∑

i=1

qiφ
(pi
qi

)
, φ ∈ Φ∗,LY Φ∗ �6&� φ : [0,+∞) → R ∪ {∞} o<^?/�*k φ(1) = 0 , φ′′(1) > 0,3f 0φ(0/0) = 0 , 0φ(p/0) = lim

u→∞
φ(u)/u, IG p >9
F��n`�: 1 G�X^&� φ ∈ Φ∗, �f�m&� ψ(x) = φ(x) − φ′(1)(x − 1). e��H ψ(x) ∈ Φ∗. ��H

Dφ(P,Q) = Dψ(P,Q) , ψ′(1) = 0. f�m^&�? Φ ≡ Φ∗ ∩ {φ : φ′(1) = 0}. �>n�^ φ- ll_`��a> Φ∗ , Φ �`P^��b��r�(sV{�$ φ ∈ Φ; :}K� Y��x< φ ∈ Φ∗.�\�^ φ- ll&���jll (power-divergence, Cressie , Read[2]) m�B
Iλ(P,Q) ≡ Dφ(λ)

(P,Q), LY
φ(λ)(x) =

1

λ(λ+ 1)
(xλ+1 − x), for λ 6= 0,−1,
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φ(0)(x) = lim
λ→0

φ(λ)(x) = x log x− x+ 1, (1.2)

φ(−1)(x) = lim
λ→−1

φ(λ)(x) = − log x+ x− 1.��H φ(λ)(x) , ψ(λ)(x) = φ(λ)(x)− (x− 1)/(λ+ 1) n�^ll_1�N[a�^��
I0(P,Q) s� KL ll�:p7oT� Cressie , Read[2] f��qg�jll�I argmin

θ∈Rt

Iλ(P̂ , P (θ)) R�r�"^sV� λ = 0 n� MLE, λ = 1 n�qg~y (minimum chi-squared) �I��a>�qg�jll�I� MLE ,qg~y�I^8�� Pardo , Pardo[3] �r�jd��'T^qg�jll�I�Morales, Pardo , Vajda[4] f��l~-T^qg φ- ll�I argmin
θ∈Rt

Dφ(P̂ , P (θ)) )�r�"^sV�V_�qg φ- ll�I�qg�jll�I^8�� Cressie , Pardo[5] �r�qg φ- ll�I:7ox<y2^'X��2�EZ Cressie, Pardo , Pardo[6] `�f�p φ- ll:n�℄s7oT^� �:>=pB�n�℄s7o (1.1) T� Jin , Wu[7] f��qg φ- ll�I
argmin
θ∈Rt

Dφ(P̂ , P (θ)) )�r�"^sV�:��^7oT�Martin , Pardo[8]  +1^yv�r�_1^H*��EZ�rfTT"OuT�H*�u/Ou> H0 : Rθ = 0v, LY R � v × t bq*UuD�R v < t. un�^T"n�Ou> Ha : Rθ ≤ 0v & Rθ 6= 0v. f�?/
E ≡ {1, 2, · · · , v}, .�ÆJ'�uD R ^qO$��) P(E) '�?/ E ^0`?�B�%f?o<^?/�h S ∈ P(E), R(S) '� R ^fuD�?/ S Y^.�n�DXq^qO$�:n�Ou Ha T�RqM:9
O$ i ∈ E ~[ R({i})θ < 0 <���EZ: φ- ll^:Fo�;j�5I� (�rT2^T"OuT�H*

H0 : Rθ = 0v ↔ Ha : Rθ ≤ 0v & Rθ 6= 0v. (1.3)T� (1.3) +1( Jin , Wu[7] , Cressie , Pardo[9] �r^Q$ (hierarchical) T��Q$T���"T���b�+�"T�_��T"T��r=l_O�V"%��^T�j%� Silvapulle , Sen[10] P5bje�T"T� ,^�re"�:��'�x^n�℄s7oT� Martin, Mata , Pardo[11] �r��_�Jv (likelihood ratio

ordering) T��"�T� (1.3) ^&�Tp��$^7o��,n�℄s7o�(D���:( φ- ll, MLE ^5I���E��$^7o (1.1) ��,7o��[p��~ ^�I�3Æqg φ- ll�I (Jin , Wu[12]). Martin, Mata , Pardo[13]  φ- ll�r�`��t (isotonic binomial proportion) ~-^T"T���E^L)��EfT	d 2 hs_�^�(e"�d 3 �Dd 2 f�^�(H4�d 4 �D}�~M,7��r^e"�
2 1)��f�2��Q Θ0 = {θ : Rθ = 0v} , Θ1 = {θ : Rθ ≤ 0v}, V_% Θ0 ⊆ Θ1 <��u
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θ0 ∈ Θ0 ⊆ Θ1 ⊆ Rt �2�^CN�OuT�-W<�

(A) αi = limN→∞
Ni

N
> 0, for i = 1, · · · , r.

Jin , Wu[12] f��3Æqg φ- ll�I (RMφDE)

θ̂φ = argmin
θ∈Θ0

Dφ(P̂ , P (θ)). (2.1)% �O4� .�$^3Æ (constraint)�z℄s^��%T� (1.3) Y/Ou^℄s3ÆTp�:(I�}��Z Jin , Wu[12] [Z^�(e" (�E�[Z θ̂φ ^Yn?� (
θ̂φ − θ0
µ̂

)
=

(
H(θ0)

φ′′(1)B21(θ0)

)
V (P̂ − P (θ0)) + op(1t+v), (2.2)LY

ΣΠi(θ0) = diag(Πi(θ0))−Πi(θ0)Πi(θ0)
T ,

Σ = diag
((Ni

N
ΣΠi(θ0)

)

i=1,···,r

)
, V ≡WTΣdiag(P (θ0))

−1,

A11 ≡WTΣW, H(θ0) = A−1
11 −A−1

11 R
T (RA−1

11 R
T )−1RA−1

11 ,

B21(θ0) = (RA−1
11 R

T )−1RA−1
11 .

(2.3)o�Y^ µ̂ ��		>f (Lagrange multiplier) �I�Z2�[T: Θ1 Y�f�3Æqg φ- ll�I
θ̃φ = argmin

θ∈Θ1

Dφ(P̂ , P (θ)). (2.4)xI.�I�Z;P>P�4+%�( θ̃φ ^�(e"�
 Martin, Mata , Pardo[11] ,
Jin, Ming , Wu[14] ^Mu�>�rT"T� (1.3), �;j�5I��fT

Tφ1,φ2(P̂ , P (θ̃φ2), P (θ̂φ2)) =
2N

φ
′′

1 (1)
(Dφ1(P̂ , P (θ̂φ2))−Dφ1(P̂ , P (θ̃φ2))),

Sφ1,φ2(P (θ̃φ2), P (θ̂φ2)) =
2N

φ
′′

1 (1)
Dφ1(P (θ̃φ2), P (θ̂φ2)), (2.5)

S̃φ1,φ2(P (θ̃φ2), P (θ̂φ2)) =
2N

φ
′′

1 (1)
Dφ1(P (θ̂φ2), P (θ̃φ2)).o�Y�φ1, φ2 ∈ ΦR�+_1�u φ1(x) ∈ Φ, f�&� φ̃1(x) ≡ xφ1(1/x), % φ̃1(x) ∈ Φ<��R S̃φ1,φ2 = S

φ̃1,φ2
. W φ1 = φ2 = φ(0) {� Tφ1,φ2 , Sφ1,φ2 ��_�5I��W

φ1 = φ(1) , φ2 = φ(0) {� Sφ1,φ2 �Hs}5I���2� [11], [15, 338 
] , [16], [Z�p^Q�z� 1 u φ1, φ2 ∈ Φ Rtb�w�X�:T� (1.3) ^/Ou,-W (A) T�%
lim
N→∞

P
(
Sφ1,φ2(P (θ̃φ2), P (θ̂φ2)) ≤ x

)
= lim

N→∞
P

(
S̃φ1,φ2(P (θ̃φ2), P (θ̂φ2)) ≤ x

)

= lim
N→∞

P
(
Tφ1,φ2(P̂ , P (θ̃φ2), P (θ̂φ2)) ≤ x

)
=

v∑

h=0

̟h(θ0)P(χ2
v−h ≤ x). (2.6)
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0 ≡ 0, ̟h(θ0) =

∑
S∈P(E),c(S)=h

P(Z1(S) ≥ 0h)P(Z2(S) ≥ 0v−h), Z1(S) ∼

N(0c(S),Σ1(θ0, S)) , Z2(S) ∼ N(0v−c(S),Σ2(θ0, S)), LY
Σ1(θ0, S) = (φ

′′

2 (1))2(R(S)A∗−1
11 RT (S))−1,Σ2(θ0, S) = R(SC)HS∗(θ0)R

T (SC),

HS∗(θ0) = A∗−1
11 −A∗−1

11 RT (S)(R(S)A∗−1
11 RT (S))−1R(S)A∗−1

11 . (2.7)IG� c(·) '�?/^� (cardinality) &�� SC '�?/ S ^*?� A∗
11 � A11 ^>[�BZ A11 Y Ni

N
,5< αi q[Z^uD��EY��%Po$ ∗ ^�)��_1�#f� 1 I� (2.5) �f�^5I�^Yn~-s� Silvapulle , Sen[10] (Z^�~y (Chi-bar-square)~- χ2. �I� χ2 ^o��%�s uUI�YN ̟h(θ0). :7�I�YN{�6 Z�Tf��z� 2 : f�1 ^-WT�YN ̟h(θ0) %fT^�%'�

̟v−h(θ0) =̟h(θ0; (RA
∗−1
11 RT )−1,Rv+)

=P
(
arg min

ζ∈Rv

+

(Q− ζ)T (RA∗−1
11 RT )(Q− ζ) ∈ Rv+(h)

)
, (2.8)LY Q ∼ N(0v, (RA

∗−1
11 RT )−1), Rv+(h) � Rv+ = {ζ ∈ Rv : v ≥ 0v} ^f?�L v ?d�.�O(% h 
F~��)T v − h 
~�> 0.> �2V [10] Y5* 3.6.1(6-7) , 79 
7� 3. H���2�CN θ0 AI��+>L`� f� 2 I�YN�f{^�v�� :T�

(1.3) ^/Ou H0 T^>O�_�I θ̂φ(0)
,5AICN θ0. U:<,5�s� /&~)7�I�YN ̟h(θ0). : [10] , [11] Y�:B� >O�_�I,5AICN^T�>t0 (local) T���a>�t0T��n��(T�^_(�n�

3 ��.�+� 1 u k ?�;#� X �K$F#~- N(0k, Ik), Q � k b0`n:yD�U> v. u d1, · · · , dv, · · · , dk �℄sJ�^ k ?�d�o�*k Qdi = di, i = 1, · · · , v ,
Qdi = 0k, i = v + 1, · · · , k, =:�f dTi X ≥ 0, i = 1, · · · , v T�tJo XTQX ^-W~-> χ2

v.�� 1 ^��e(�H4��2V [11] , [17, 414 
].>�rT"T� (1.3), U�rfT^�"T�
H0 : Rθ = 0v ←→ H1 : R(S)θ = 0c(S), Rθ 6= 0v, (3.1)LY S ∈ P(E). f� Θ0(S) = {θ : R(S)θ = 0c(S)}. f�3Æqg φ- ll�I

θ̂Sφ = argmin
θ∈Θ0(S)

Dφ(P̂ , P (θ)). (3.2)
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,5 (2.5) �Y2��I θ̃φ2 , [ZfT5I�

Tφ1,φ2(P̂ , P (θ̂Sφ2
), P (θ̂φ2)) =

2N

φ
′′

1 (1)
(Dφ1(P̂ , P (θ̂φ2))−Dφ1(P̂ , P (θ̂Sφ2

)),

Sφ1,φ2(P (θ̂Sφ2
), P (θ̂φ2)) =

2N

φ
′′

1 (1)
Dφ1,φ2(P (θ̂Sφ2

), P (θ̂φ2)), (3.3)

S̃φ1,φ2(P (θ̂Sφ2
), P (θ̂φ2)) =

2N

φ
′′

1 (1)
Dφ1,φ2(P (θ̂φ2), P (θ̂Sφ2

)).+� 2 : f�1 ^-W,T� (3.1) ^/OuT�%
Sφ1,φ2(P (θ̂Sφ2

), P (θ̂φ2)) = Tφ1,φ2(P̂ , P (θ̂Sφ2
), P (θ̂φ2)) + op(1), (3.4)R (3.3) �Y^j�5I�%_1^Yn~-�B~y~- χ2

v−c(S).> �2V [12,14] , [16]. H��36 1 2>7 U�D5I� Sφ1,φ2(P (θ̃φ2), P (θ̂φ2)) ^H4�n( (2.4)�f�^3Æqg φ- ll�I θ̃φ2 , fM:
f? S ∈ P(E) ~[ θ̃φ2 = θ̃Sφ2
<��IG θ̃Sφ2

f�fT
θ̃Sφ2

= argmin
θ∈Θ1(S)

Dφ2(P̂ , P (θ)), (3.5)LY Θ1(S) = {θ : R(S)θ = 0c(S), R(SC)θ < 0v−c(S)}.V_�n(`��f��� θ̃φ2 = θ̃Sφ2
kn9
=^f? S ∈ P(E) <��#[�%����[

P
(
Sφ1,φ2(P (θ̃φ2), P (θ̂φ2)) ≤ x

)
=

∑

S∈P(E)

P
(
Sφ1,φ2(P (θ̃φ2), P (θ̂φ2)) ≤ x, θ̃φ2 = θ̃Sφ2

)
. (3.6)

[18]Yf� 4.2.13�D�Uf (2.4)��n�!3H*^ KKT(Karush-Kuhn-Tucker)�~-W�fT
∂

∂θ
Dφ2(P̂ , P (θ)) +

v∑

i=1

µiR
T ({i}) = 0,

µiR({i})θ = 0, for i = 1, · · · , v, (3.7)

µi ≥ 0, for i = 1, · · · , v.o�Y^ µi � KKT >f�U�I KKT �~-Wn�%�>^f? S ∈ P(E) a<��=1*�? (complementary slackness) -W µi > 0, i ∈ S , R({i})θ < 0, i ∈ SCs>�\f&ff? S ∈ P(E) *k`� θ̃φ2 = θ̃Sφ2
, I{-W R({i})θ = 0, i ∈ S ,

µi = 0, i ∈ SC �p)^�:(�o�}��[
P

(
Sφ1,φ2(P (θ̃φ2), P (θ̂φ2)) ≤ x, θ̃φ2 = θ̃Sφ2

)

=P{Sφ1,φ2(P (θ̃Sφ2
), P (θ̂φ2)) ≤ x, µ̃(S) > 0c(S), R(SC)θ̃Sφ2

< 0v−c(S)}, (3.8)
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<�{z� KKT >fÆJE�o<^�d��:T� (1.3)^/Ou H0 T��[

P
(
Sφ1,φ2(P (θ̃φ2), P (θ̂φ2)) ≤ x

)

=
∑

S∈P(E)

P{Sφ1,φ2(P (θ̃Sφ2
), P (θ̂φ2)) ≤ x, µ̃(S) > 0c(S), R(SC)(θ0 − θ̃Sφ2

) > 0v−c(S)}.
(3.9)!y2�:�$ (3.2) �n�^�		!3H*{��[^�I θ̂Sφ2

, µ̂S 	*k-W (3.7) Y^P�
-W�	s���% θ̂Sφ2
= θ̃Sφ2

, µ̂S = µ̃(S) <��W θ̂Sφ2
= θ̃Sφ2

{�% Sφ1,φ2(P (θ̃Sφ2
), P (θ̂φ2)) = Sφ1,φ2(P (θ̂Sφ2

), P (θ̂φ2))<��# (2.2)�, ��2 ^H4�#��[
Sφ1,φ2(P (θ̃Sφ2

), P (θ̂φ2)) =ZT0 (LS − L)2Z0 + op(1)

≡(M3(θ0, S)Z0)
T (M3(θ0, S)Z0) + op(1), (3.10)LY

Z0 =
√
Ndiag(P (θ0))

−
1
2 (P̂ − P (θ0)), M3(θ0, S) = LS − L,

L ≡ diag (P (θ0))
− 1

2 ΣWH(θ0)W
TΣdiag(P (θ0))

− 1
2,

LS ≡ diag (P (θ0))
− 1

2 ΣWHS(θ0)W
TΣdiag (P (θ0))

− 1
2 .IG� HS(θ0) >Z H(θ0) Y^ R ,5< R(S) q[Z^uD�# µ̂S = µ̃(S) , (2.2)���[

√
Nµ̃(S) =

(
φ

′′

2 (1)(R(S)A−1
11 R(S)T )−1R(S)A−1

11 W
TΣdiag (P (θ0))

− 1
2

)
Z0 + op(1)

≡M1(θ0, S)Z0 + op(1). (3.11)# θ̂Sφ2
= θ̃Sφ2

, �[
√
NR(SC)(θ0 − θ̃Sφ2

) =
(
−R(SC)HS(θ0)W

TΣdiag (P (θ0))
− 1

2

)
Z0 + op(1)

≡M2(θ0, S)Z0 + op(1). (3.12)# (3.9)–(3.12), %
lim
N→∞

P
(
Sφ1,φ2(P (θ̃φ2), P (θ̂φ2)) ≤ x

)

=
∑

S∈P(E)

P{ZT3 (S)Z3(S) ≤ x, Z1(S) > 0c(S), Z2(S) > 0v−c(S)}

=
∑

S∈P(E)

P{ZT3 (S)Z3(S)

≤ x|(ZT1 (S), ZT2 (S))T > 0v}P{Z1(S) > 0c(S), Z2(S) > 0v−c(S)},
(3.13)
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Z0

L−→ Z∗
0 ∼ N(0k, diag (P ∗(θ0))

−
1
2 Σ∗diag (P ∗(θ0))

−
1
2 )

Z3(S) = M∗
3 (S, θ0)Z

∗
0 , Z1(S) = M∗

1 (S, θ0)Z
∗
0 , Z2(S) = M∗

2 (S, θ0)Z
∗
0 .

(3.14)l.���H
Σ∗ 1

2 diag (P ∗(θ0))
− 1

2M∗
3 (S, θ0)diag (P ∗(θ0))

− 1
2 Σ∗ 1

2 (M∗
2 (S, θ0)diag (P ∗(θ0))

− 1
2 Σ∗ 1

2 )T

=(M∗
2 (S, θ0)diag (P ∗(θ0))

−
1
2 Σ∗

1
2 )T ,

Σ∗ 1
2 diag (P ∗(θ0))

− 1
2M∗

3 (S, θ0)diag (P ∗(θ0))
− 1

2 Σ∗ 1
2 (M∗

1 (S, θ0)diag (P ∗(θ0))
− 1

2 Σ∗ 1
2 )T

=0k×c(S). (3.15)�H4�uD Σ∗ 1
2 diag (P ∗(θ0))

− 1
2M∗

3 (S, θ0)diag (P ∗(θ0))
− 1

2 Σ∗ 1
2 ^U> v − c(S), uD

M∗
2 (S, θ0)diag (P ∗(θ0))

−
1
2 Σ∗

1
2 �q*U^�U> v − c(S). # (3.15) �, ��1, �[

P{ZT3 (S)Z3(S) ≤ x|(ZT1 (S), ZT2 (S))T ≥ 0v} = P{χ2
v−c(S) ≤ x}. (3.16)!9���H

M∗
1 (S, θ0)diag (P ∗(θ0))

− 1
2 Σ∗diag (P ∗(θ0))

− 1
2M∗T

2 (S, θ0) = 0c(S)×c(SC). (3.17)

(3.17) �'4 Z1(S) , Z2(S) �j�^�#o2^P�e(��[
lim
N→∞

P
(
Sφ1,φ2(P (θ̃φ2), P (θ̂φ2)) ≤ x

)

=
∑

S∈P(E)

P{χ2
v−c(S) ≤ x}P{Z1(S) ≥ 0c(S)}P{Z2(S) ≥ 0v−c(S)}

=

v∑

h=0

̟h(θ0)P{χ2
v−h ≤ x}. (3.18)o�Bf�^e(�L)��5I�^H4���:Ix&�

4 �~����$�
4.1 �Æ��Æ ' 1 >��'�	?� 1991 C1�^:N9,So~9\/��Yn 68,694B>�lq�6^�x�A
m (I), �[P~ (S), ��BS (L) ,s( (G) lq\5~��2� [19, d 8.4.2 ].
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Seat Injury

Gender Location Belt No Yes

Female Urban No 7,287 996

Yes 11,587 759

Rural No 3,246 973

Yes 6134 757

Male Urban No 10,381 812

Yes 10,969 380

Rural No 6,123 1,084

Yes 6,693 513o#~M� Agresti[19] [Zn�℄s7o (GLS,GI,IL,IS) >z8(b�/' 1 �x�a��7ok%
j�f λGLSgls , ,n#��-W_�^�:#� I ^,
�JTy)j
#�Y^`��
#�KQ^�P6
Zdj
#�^�`��>#� I+%DX:j�fY�="+`�9
#�KQ^!�� (odds ratio) +
y)�
#�^�`�:(�oe(��x#� I ^�
�JÆ7o (GLS,GI,IL,IS) ~f<�
+j�^t0f7o (GLS). :#� I W�J “�” {�f7o>
log(π1gls) = λ+ λGg + λLl + λSs + λGLgl + λGSgs + λLSls + λGLSgls . (4.1):#� I W�J “�” {�f7o>
log(π2gls) = λ+ λGg + λLl + λSs + λGLgl + λGSgs + λLSls + λGLSgls . (4.2)7o (4.1)–(4.2)i��,7o�# [19]^e(���Ou��7oY^2� λGLgl , λ

GS
gs , λ

LS
ls, λGLSgls _1�L)2�+1�I{�7o (4.1)–(4.2) s�7o (1.1) ^&��n�2�d� θ > (λ1G

(g)1, λ
2G
(g)1, λ

1L
(l)1, λ

2L
(l)1, λ

1S
(s)1, λ

2S
(s)1, λ

GL
(gl)11, λ

GS
(gs)11, λ

LS
(ls)11, λ

GLS
(gls)111)

T .K' 1 ^}Kuv�pDu���13AP�[P
m��^uv�%��P�[PTpO�B% log(π2gl2) ≤ log(π2gl1), g = 1, 2, l = 1, 2 <���$Z�V\/^�Cl,a"hs�	�13�VA
m��^uv�%��℄VO�B% log(π1g2s) ≤
log(π1g1s), g = 1, 2, s = 1, 2<���$Z<s%�(^7hle>�,-F>����13:�fBS,�[P~ �#�^-WTs(,
m�#�KQ^-W!��6O( 1, B% log

(
π11lsπ22ls

π21lsπ12ls

)
≤ 1, l = 1, 2, s = 1, 2 <��>~M�oj
13����;pfT� (1.3) ^T"T��ÆJJ>

H0 : R1θ = 04 ↔ Ha : R1θ ≤ 04 & R1θ 6= 04, (4.3)

H0 : R2θ = 04 ↔ Ha : R2θ ≤ 04 & R2θ 6= 04 (4.4),
H0 : R3θ = 0 ↔ Ha : R3θ ≤ 0 & R3θ 6= 0. (4.5)
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λ2

λ1 0 2/3 1 1.5 2

−1.5 406.3071 407.4233 408.1595 409.5074 411.1860

−1 404.4551 405.3943 406.0361 407.2357 408.7559

−0.5 403.5381 404.3087 404.8596 405.9149 407.2795

0 403.5466 404.1548 404.6171 405.5305 406.7404

2/3 404.9922 405.3902 405.7363 406.4615 407.4638

1 406.3319 406.6261 406.9143 407.5448 408.4417

1.5 409.1199 409.2591 409.4598 409.9463 410.6819

2 412.8556 412.8387 412.9505 413.2894 413.8585#d 2 f� 1 I�� (2.5) �f�^5I� Tφ1,φ2 ,Sφ1,φ2 , S̃φ1,φ2 �rT� (4.3)–(4.5). �En�jllmlq�}�~M,7��r�x<�jO$ λ1 ∈
{−1.5,−1,−0.5, 0, 2/3, 1, 1.5, 2}, λ2 ∈ {0, 2/3, 1, 1.5, 2},~(n� φ1 , φ2.  �;J\���I f�2 Y^YN�8 YN^�IXI� f�1 Y>[~-^o 0.05 ~B��' 2 �D��rT� (4.5) {5I� Sφ(λ1),φ(λ2)

^N�a00O(�I^o 0.05 ~B� 2.613896. Ie"'4�%�~^�#v|T� (4.5)^/Ou H0 q`
n�Ou
Ha.  5I� Tφ(λ1),φ(λ2)

, Sφ(λ1),φ(λ2)
, S̃φ(λ1),φ(λ2)

�rT� (4.3)–(4.5) {��[Z0p��e"�5I�^Na00O(_�^�gN�I�:I+�D�Bke"'4�AP�[P
m��^uv�%��P�[PTpO��VA
m��^uv�%��℄VO�Ds��
m^uv�%�<sO�
4.2 ��%��$7o (4.1)–(4.2) �T� (4.3) , (4.5). u2�CN> θ0 = 010 + δ1,ic1, i =

1, 2, · · · , 7,LY δT1 = (0, 0.025, 0.05, 0.075, 0.1, 0.125, 0.150), c1
T = (0, 0, 0, 0, 0, 1, 0, 1, 1, 1).�$OuT�H*

H0 : θ0 = 010 ↔ Ha : θ0 = 010 + δ1,ic1, for i = 2, · · · , 7. (4.6)u2�CN> θ0 = 010+δ2,ic2, i = 1, 2, · · · , 7,LY δT2 = (0, 0.075, 0.15, 0.225, 0.3, 0.375, 0.45), c2
T = (0, 1, 0, 0, 0, 0, 0, 0, 0, 0). �$OuT�H*

H0 : θ0 = 010 ↔ Ha : θ0 = 010 + δ2,ic2, for i = 2, · · · , 7. (4.7)T� (4.6)–(4.7) ~(*kT� (4.3) , (4.5), LYO$ i �l�T� (4.3) , (4.5) YCN θ0 ,/Ou H0 KQ^7y�W i = 1 {/Ou>C��=n�Ou>C�O$ i N4O�7y4O�:T� (4.6)–(4.7)^/OuT�CN2� θ0 �I�# f�1 , f�2 �I� /&~)7�yv�I�5I� Tφ(λ1),φ(λ2)
, Sφ(λ1),φ(λ2)

, S̃φ(λ1),φ(λ2)
^�gN�[Z:T



4K i�2�K�2�rZN�m�\r6nR8' φ- kk\S!R� 507��J 0.05 T�T� (4.6)–(4.7) ^�gN~(> 6.354925 , 2.70487. ÆJf� 5I� Sφ(λ1),φ(λ2)
�rT� (4.6)–(4.7) ^T��J,T��j

P{Sφ(λ1),φ(λ2)
> 6.354925|θ0 = 010},P{Sφ(λ1),φ(λ2)

> 6.354925|θ0 = 010 + δ1,ic1},
P{Sφ(λ1),φ(λ2)

> 2.70487|θ0 = 010},P{Sφ(λ1),φ(λ2)
> 2.70487|θ0 = 010 + δ2,ic2},

(4.8)LY i = 2, 3, 4, 5, 6, 7. �T 1000 J\���I (4.8) �Y^�%�' 3–4 ~(�D� (4.8) �YT��J,O$ i = 4 {T��j^�I� λ1 W�N{^T��j�I�� λ1 WFN{^O ((); 1{� λ1 W�N{^T��J�I��WFN{^7��>I{^T��J�I0�(^T��J 0.05 �IXes�T��J,T��jKQ^1*s (trade-off)[2−6,14,16] �!9�K' 3–4 ���D��d���#g#O�n�^T��J�I#[�M�n�(^T��J�n�^T��j�I#[�O (() � [20] f��T�+`�
|logit(1− αn)− logit(1− α)| ≤ d, (4.9)LY logit(p) = log(p/(1 − p)). f" d = 0.35 {+`� (4.9) <��sa>��%N

αn, α z8`n�f" d = 0.7 {+`� (4.9) <��sa>��%N αn, α �_`n�W α = 0.05, d = 0.35 {�*k+`� (4.9) ^ αn ^WNw<> [0.0357, 0.0695]; W
α = 0.05, d = 0.7 {�*k+`� (4.9) ^ αn ^WNw<> [0.0254, 0.0959]�u 3 S� (4.6) ℄S��I (r) +S��i (&) �G�����n (50, 50), S (75, 75)

λ2 λ2

λ1 0 2/3 1 1.5 2 0 2/3 1 1.5 2

−1.5 0.087 0.086 0.089 0.089 0.094 0.299 0.289 0.290 0.287 0.294

−1 0.082 0.078 0.079 0.082 0.083 0.281 0.269 0.268 0.271 0.274

−0.5 0.077 0.071 0.070 0.070 0.076 0.269 0.258 0.256 0.256 0.257

0 0.069 0.068 0.068 0.068 0.068 0.261 0.246 0.245 0.246 0.245

2/3 0.068 0.063 0.062 0.063 0.062 0.254 0.234 0.228 0.222 0.221

1 0.068 0.061 0.060 0.060 0.061 0.251 0.224 0.220 0.215 0.213

1.5 0.067 0.057 0.057 0.055 0.056 0.251 0.219 0.210 0.201 0.199

2 0.068 0.057 0.056 0.056 0.054 0.253 0.216 0.207 0.198 0.194

−1.5 0.091 0.082 0.082 0.080 0.084 0.362 0.365 0.366 0.375 0.383

−1 0.080 0.077 0.073 0.071 0.073 0.355 0.347 0.354 0.353 0.357

−0.5 0.077 0.069 0.068 0.069 0.069 0.346 0.339 0.336 0.337 0.341

0 0.071 0.067 0.063 0.062 0.065 0.342 0.331 0.330 0.325 0.326

2/3 0.069 0.060 0.059 0.057 0.057 0.337 0.316 0.313 0.313 0.313

1 0.068 0.057 0.056 0.056 0.056 0.337 0.309 0.306 0.302 0.301

1.5 0.069 0.056 0.054 0.052 0.052 0.337 0.306 0.300 0.296 0.288

2 0.069 0.056 0.052 0.048 0.048 0.340 0.304 0.295 0.286 0.274:' 3Y����> (50, 50), λ1, λ2 W 0, 2/3, 1, 1.5, 2{�T��J�I*k d = 0.35{^+`� (4.9), I{5I� Sφ(0),φ(0)
%qO^T��j�I�T��J�I[0*



508 � � � y y � 41zk d = 0.7 {^+`� (4.9), I{5I� Sφ(−1.5),φ(0)
%qO^T��j�I����> (75, 75), λ1 W −0.5, 0, 2/3, 1, 1.5, 2 R λ2 W 0, 2/3, 1, 1.5, 2(E Sφ(−0.5),φ(0)

, Sφ(0),φ(0)
){�T��J�I*k d = 0.35 {^+`� (4.9), I{5I� Sφ(−0.5),φ(0)

%qO^T��j�I�T��J�I[0*k d = 0.7 {^+`� (4.9), I{5I� Sφ(−1.5),φ(2)%qO^T��j�I�:' 4 Y����> (15, 15) {�E λ1 W −1.5,−1,−0.5, 0R
λ2 W 0 �9�T��J�Ia*k d = 0.35 {^+`� (4.9); E λ1 W −1.5 R λ2 W
0 �9�T��J�Ia*k d = 0.7 {^+`� (4.9). ���> (20, 20) {�E λ1 W
−1.5 R λ2 W 0 �9�T��J�Ia*k d = 0.35 {^+`� (4.9); T��J�Ia*k d = 0.7 {^+`� (4.9). ���> (50, 50) {�5I� Sφ(−1.5),φ(0)

%qO^T��j�I����> (75, 75) {�5I� Sφ(−1.5),φ(0)
, Sφ(−1),φ(0)

%qO^T��j�I� 5I� Tφ(λ1),φ(λ2)
, Sφ(λ1),φ(λ2)

, S̃φ(λ1),φ(λ2)
�rT� (4.6)-(4.7) {��[Z��e"�:Ix&�i/�oD
y2��[�T�-e(	 (1) Q����k�O�J( λ1 , λ2W-N�5I�^T��J6J[`n�(T��J�T��j6J[`n 1, B+ f�1 ^e(F/� (2) ���j�%[^�W���g{�+15I�KQ%V(�:' 3–4 Y� λ1, λ2 = 2/3, 1 {^5I� Sφ(λ1),φ(λ2)
s�� Sφ(1),φ(0)

(Hs}5I�) ,
Sφ(0),φ(0)

(�_�5I�)'X(��>".^T��J�I�`n�(^T��J 0.05,I{^T��j�I'Xp���I:}K�x~MY�"L:���g{�8U 
λ1, λ2 = 2/3, 1 {^5I� Tφ(λ1),φ(λ2)

, Sφ(λ1),φ(λ2)
, S̃φ(λ1),φ(λ2)

s>Hs}5I�,�_�5I�^%�,R��lqT"T�~M�: [5,6,8,11,14,16]Y�%��^e(�u 4 S� (4.7) ℄S��I (r) +S��i (&) �G�����rn (15, 15), rS (20, 20), &n (50, 50), &S (75, 75)

λ2 λ2

λ1 0 2/3 1 1.5 2 0 2/3 1 1.5 2

−1.5 0.131 0.063 0.058 0.060 0.060 0.308 0.292 0.287 0.287 0.289

−1 0.073 0.060 0.056 0.053 0.055 0.305 0.288 0.284 0.284 0.286

−0.5 0.071 0.057 0.053 0.052 0.053 0.304 0.287 0.284 0.282 0.286

0 0.070 0.053 0.052 0.050 0.050 0.304 0.287 0.283 0.281 0.286

2/3 0.067 0.052 0.050 0.048 0.048 0.302 0.284 0.281 0.281 0.285

1 0.066 0.053 0.052 0.048 0.048 0.301 0.284 0.281 0.280 0.285

1.5 0.065 0.054 0.052 0.049 0.052 0.302 0.283 0.280 0.281 0.286

2 0.065 0.056 0.055 0.052 0.053 0.302 0.283 0.282 0.281 0.287

−1.5 0.091 0.056 0.053 0.051 0.050 0.386 0.378 0.378 0.376 0.381

−1 0.065 0.053 0.051 0.049 0.049 0.386 0.378 0.377 0.375 0.378

−0.5 0.063 0.052 0.049 0.048 0.048 0.384 0.377 0.376 0.375 0.378

0 0.062 0.049 0.048 0.048 0.047 0.383 0.376 0.374 0.373 0.375

2/3 0.061 0.048 0.047 0.045 0.045 0.381 0.374 0.372 0.372 0.373

1 0.060 0.048 0.047 0.043 0.043 0.381 0.374 0.371 0.372 0.373

1.5 0.059 0.048 0.047 0.043 0.041 0.380 0.373 0.371 0.371 0.373

2 0.059 0.049 0.047 0.043 0.041 0.380 0.373 0.371 0.372 0.373
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Abstract One-sided test is an important part of hypothesis test theory. Some kind of one-

sided test for log-linear models under product-multinomial sampling is studied in this paper.

Based on φ-divergence and the restricted minimum φ-divergence estimator (RMφDE), three

families of statistic are proposed. All the three proposed statistics have identical asymptotic

distribution as Chi-bar-square distribution, and include the likelihood ratio statistic and the

Pearson statistic as special cases. These proposed statistics can be treated as a generalization

of the results in existing literature with three improvements: the model in this paper is much

wider than the saturated log-linear model they considered; the form of one-sided test is much

more general than the likelihood ratio ordering test they constructed; and RMφDE used to

construct these statistic is more general than the maximum likelihood estimator (MLE) they

used. Real data analysis demonstrates the effect of these statistic. A simulation study shows

that some members of the power-divergence family could act as superior alternatives to the

likelihood ratio statistic and the Pearson statistic under finite sample sizes.

Key words one-sided test; φ-divergence; product-multinomial sampling; log-linear model;

Chi-bar-square distribution
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