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474 > A t + + Æ 41�;OM�̀ OM M ;C��LCA v i-�U# M s v, ~# v l M -s;�̀ G;<4℄CAFlM -s;�U#M l�>OM�̀ G;FOMM
′ 9x |M ′ | > |M |,U# M l{2OM���=�4J	ls T ;gv�{2�ai λ1(T ) s?N2�ai λ2(T ) 6�872jP/� [1−9]. T [1] m�IIF 2k ℄CAUF�>OM;s T , Chang _'2��;E+��� 1.1[1] e T l4!F 2k ℄CAUF�>OM;s�U

λ2(T ) ≤
{

(
√

t − 1 +
√

t + 3)/2, 4 k = 2t,

(
√

t +
√

t + 4)/2, 4 k = 2t + 1,)( t = 1, 2, 3, · · ·.T [1] m� Chang �'2��;���e k l4℄bw� T l4!F 2k ℄CAUF�>OM;s�U
λ2(T ) ≤

{
r1(t), 4 k = 2t,

r2(t), 4 k = 2t + 1,)( r1(t) s r2(t) S�lQ% x3 − (t + 1)x + 1 = 0 s x4 − (t + 2)x2 + x + 1 = 0 ;{2a� t = 1, 2, 3, · · ·. ?4℄�<jm;<q$,4U�4 T ∼= T 1, ?N℄�<jm;<q$,4U�4 T ∼= T 2, Qm T 1 s T 2 l	 1 |k;s�
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T 1T [2] m� Guo s Tan dA2dq��II k = 2t + 1 $,�3II k = 2t �$,�}?_'2��;E+��� 1.2[2] e T l4!F 2k = 2(2t+1)℄CAUF�>OM;s�U λ2(T ) ≤ r2(t),)( r2(t) lQ%
x4 − (t + 2)x2 + x + 1 = 0;{2a�<q$,4U�4 T ∼= T 2, Qm T 2 l	 1 |k;s��L�T [3] m� Guo s Tan dA2��;�n��� 1.3[3] e T l4!F 2k = 4t (t ≥ 2)℄CAUF�>OM;s�U λ2(T ) ≤ r(t),)( r(t) lQ%

(x4 − (t + 1)x2 + 1)(x2 + x − 1) + x = 0;{2a�<q$,4U�4 T ∼= T 3, Qm T 3 l	 2 |k;s�
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p pE+ 1.2 s 1.3 _'2F 2k ℄CAUF�>OM;s T ;?N2�ai λ2(T ) ;d��[℄d�LCAwFi��U%y2?N2�ai/7Xd�;s�ZL�44!s T F 2k ℄CA3;F�>OMg�II λ2(T ) ;d�|;F��;�n���_'2 λ2(T ) ;LCAws{2OM;�wFi;d���U%y2?N2�ai/7Xd�;s� 1 GCA#�*fA��2"q��;p2�n��?'2��;=+� � 1.4[4] e T l4!F n ℄CAUF4℄ m- OM;s�Qm n > 2m, U,T4℄ m- OM M s4℄*fA v, i8 M �s v.D=+ 1.4,II4!F n℄CAUF4℄�w�m;{2OM;s T ,Qm n > 2m,�?#7E;4℄�t P(T ) = {u : ulT;*fAUT − uF4℄�w�m;{2OM}.II9x k ≥ m;bw ksm,� Ωm

2k = {T : T l4!F 2k℄CAUF4℄�w� m ;{ 2OM;s}. e T̃ m
2(k+1) ∈ Ωm

2(k+1), 9xII[9;s T ∈ Ωm
2(k+1), λ2(T ) ≤

λ2(T̃
m
2(k+1)). <� 2(k+1) > 2m,D=+ 1.4,,T u ∈ P(T̃ m

2(k+1)),i8 T̃ m
2(k+1)−u ∈ Ωm

2k+1.<� 2k + 1 > 2m, D=+ 1.4, ,T v ∈ P(T̃ m
2(k+1) − u), i8 T̃ m

2(k+1) − u − v ∈ Ωm
2k. �Z� u s v T T̃ m

2(k+1) m��4�<) u, v ∈ P(T̃ m
2(k+1)). ��;p2�n^���� 1.5 e T l Ωm

2k m;4!s�̀ ,T u, v ∈ P(T̃ m
2(k+1))i8 T̃ m

2(k+1)−u−v ∼= T̃ m
2k,U

λ2(T ) ≤
{

s1(k, t), 4 m = 2t + 1, t ≥ 3,

s2(k, t), 4 m = 2t, t ≥ 3,)( s1(k, t) s s2(k, t) S�lQ% x4 − (k − t + 1)x2 + x + k − 2t = 0 s [x4 − (k − t +

1)x2 + k − 2t + 1](x2 + x− 1) + x = 0 ;{2a�?4℄�<jm;<q$,4U�4
T ∼= T 2t+1

2k , ?N℄�<jm;<q$,4U�4 T ∼= S2t
2k, Qm T 2t+1
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2 ����T_'E+ 1.5 ;dAgS��?�_'4!=+���;�n�!�C'�{s;�aK�j� � 2.1[5] e T l4!sU e = uv l T ;4���U

Φ(T ) = Φ(T − e) − Φ(T − u − v).��qB; Cauchy �-E+TE+ 1.5 ;dAmR72o2|C� � 2.2[5] e G l4℄F n ℄CA;	�U V
′ l G ;4℄ k- CAv� (�F k℄CA;v�). e G − V

′ lT G mbW V
′ ;A�Qi-;�|87;	�U

λi(G) ≥ λi(G − V
′

) ≥ λi+k(G), i = 1, 2, · · · , n − k. � 2.3[6] e G l4℄.�	U G
′ l G ;4℄℄v	�U λ1(G

′

) < λ1(G).II[9F n (n ≥ 3)℄CA;s T ,8� K2 l T ;4℄℄v	�s97 λ1(K2) =

1, D=+ 2.3, 87� � 2.4 II[9F n (n ≥ 3) ℄CA;s T , λ1(T ) > 1.<�	;�aK�jjFha�e���?� 7haK�j�e f(x) liI�0 x ;4℄K�j�� ∂(f) � f(x) ;*w�� λ1(f) �Q% f(x) = 0 ;{2a���;(K�85(I��/℄K�j;{2a���;�n�b24℄F ;��QO� � 2.5[7] e f(x) s g(x) l/℄hao4K�j�U ∂(f) = ∂(g). ` f(x) =

g(x) + r(x) U ∂(r) ≤ ∂(g), U4 r(λ1(g)) < 0 g� λ1(g) < λ1(f).e k s t lbwU k ≥ 2t. �?	^�QjE;4!F k ℄CA;s At
k: �o_$ Sk−t+1 ;C t− 1 ℄Rm#AF�4�*f��87;	�� At

k, U At
k F4℄ t-OM�U At

k ;m#A�l Sk−t+1 ;m#A�II k > 2t, e Bt
k l�o_ At

k−1 ;4℄
2 GCA�4�*f�87;	�U Bt

k F4℄ t- OM�U Bt
k ;m#A�l At

k−1 ;m#A�II k > 2t, e Ct
k l�o_ At

k−1 ;4℄Lm#A��4;*fA�4�*f�87;	�U Ct
k F4℄ t- OM�U Ct

k ;m#A�l At
k−1 ;m#A�	 4 �k2

At
k, Bt

k s Ct
k.
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 � 2.6[4] e T l4!F k ℄CAUF4℄ t- OM;s�9x k ≥ 2t U T 6∼= At
k,
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λ1(T ) < λ1(A

t
k). � 2.7[4] e T l4!F k ℄CAUF4℄ t- OM;s�9x k > 2t, T 6∼= At

k U
6∼= Bt

k, U
λ1(T ) < λ1(B

t
k). � 2.8 e T̂ l4!F 2t + 1 (t ≥ 2) ℄CAUF4℄ t- OM;s (^	 5 |k),U λ1(T̂ ) ≤ λ1(A

t−1
2t ).

t� 5 T̂ .

c

c

c

c

c
c

c

p
p
p* D=+ 2.1, #787 T̂ s At−1

2t ;�aK�j�
Φ(T̂ ) = x(x2 − 1)t−1(x2 − t − 1),

Φ(At−1
2t ) = x2(x2 − 1)t−3[x4 − (t + 2)x2 + 3].D=+ 2.4, λ1(T̂ ) =

√
t + 1. e f(x) = x4 − (t + 2)x2 + 3, D=+ 2.4, λ1(A

t−1
2t ) = λ1(f).<� t ≥ 2, e f(

√
t + 1) = −t + 2 ≤ 0, +L λ1(f) ≥

√
t + 1, � λ1(A

t−1
2t ) ≥ λ1(T̂ ). d��e k s t lbw�II k ≥ 2t + 1, e T 2t+1

2k l�o/℄ At
k m;/℄Lm#A�4;*fAC4��.�R'87;	 (^	 3 |k), U T 2t+1

2k F4℄�w� 2t + 1;{2OM�4 k = 2t + 1 g� T 2t+1
2k

∼= T 2(^	 1 |k). II k ≥ 2t, e S2t
2k l�o/℄ At

k m;/℄�Lm#A�4;*fAC4��.�R'87;	 (^	 3 |k),U S2t
2k F4℄�w� 2t ;{2OM�4 k = 2t g� S2t

2k
∼= T 3 (^	 2 |k).���?'�{	 T 2t+1

2k s S2t
2k ;?N2�ai� � 2.9 e k s t lbw�U λ2(T

2t+1
2k ) = λ1(x

4 − (k − t + 1)x2 + x + k − 2t) 4
k ≥ 2t + 1, U λ2(S

2t
2k) = λ1([x

4 − (k − t + 1)x2 + k − 2t + 1](x2 + x − 1) + x) 4 k ≥ 2t U
t ≥ 3.* D=+ 2.1, #787 T 2t+1

2k ;�aK�j�
Φ(T 2t+1

2k ) =x2k−4t−2(x2 − 1)2t−3[x4 − (k − t + 1)x2 + x + k − 2t]

· [x4 − (k − t + 1)x2 − x + k − 2t].e f(x) = x4 − (k − t + 1)x2 − x + k − 2t, g(x) = x4 − (k − t + 1)x2 + x + k − 2t. s97 f(x) = g(x) − 2x, e r(x) = −2x. <� g(1) = −t + 1 ≤ 0, e λ1(g) ≥ 1, +L
r(λ1(g)) = −2λ1(g) < 0. D=+ 2.5, λ1(g) < λ1(f). ���?dA λ2(f) < λ1(g). 8�Q% f(x) = 0F 2℄as 2℄Va�� λ2(f)lQ?N2a�s97 f(0) = k−2t > 0U f(1) = −t − 1 < 0, �?F 0 < λ2(f) < 1 ≤ λ1(g) < λ1(f), <) λ2(T

2t+1
2k ) = λ1(g) =

λ1(x
4 − (k − t + 1)x2 + x + k − 2t).
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2k ;�aK�j�

Φ(S2t
2k) =x2k−4t(x2 − 1)2t−6{(x2 − 1)2[x4 − (k − t + 1)x2 + k − 2t + 1]2

− x2[x4 − (k − t + 1)x2 + k − 2t + 2]2}
=x2k−4t(x2 − 1)2t−6{[x4 − (k − t + 1)x2 + k − 2t + 1](x2 + x − 1) + x}
· {[x4 − (k − t + 1)x2 + k − 2t + 1](x2 − x − 1) − x}.e g1(x) = [x4 − (k − t + 1)x2 + k − 2t + 1](x2 + x − 1) + x, g2(x) = [x4 − (k − t +

1)x2 + k − 2t + 1](x2 − x − 1) − x. �Z�Q% g1(x)g2(x) = (x2 − 1)2[x4 − (k − t +

1)x2 + k − 2t + 1]2 − x2[x4 − (k − t + 1)x2 + k − 2t + 2]2 = 0 F 6 ℄as 6 ℄Va�e
σ1 = k−2t+1

k−t+1 , σ2 =
k−t+1+

√
(k−t+1)2−6(k−2t+1)

2 , σ3 =
k−t+1+

√
(k−t+1)2−4(k−2t+1)

2 . s97
t ≥ 3, ℄81d 0 < σ1 < 1 < σ2 < σ3 < k − t + 1 UF

g1(
√

σ3) =
√

σ3 > 0,

g1(
√

σ2) = −1

2
(k − 2t + 1)(σ2 +

√
σ2 − 1) +

√
σ2 < 0,

g1(
√

σ1) = σ2
1(σ1 +

√
σ1 − 1) +

√
σ1 > 0,

g1(0) = −(k − 2t + 1) < 0,U
g2(k − t + 1) = [(k − t)(k − t + 1)3 + k − 2t + 1][(k − t)2 + (k − t) − 1] − (k − t) − 1 > 0,

g2(
√

σ3) = −√
σ3 < 0,

g2(1) = t − 2 > 0,

g2(0) = −(k − 2t + 1) < 0.}:7Q% g1(x)g2(x) = 0 F 6 ℄as 6 ℄Va�<)Q% g1(x) = 0 F 3 ℄as 3 ℄VaU √
σ2 < λ1(g1) <

√
σ3. )z=�Q% g2(x) = 0 3F 3 ℄as 3 ℄VaU √

σ3 < λ1(g2) < k − t + 1. <) √
σ2 < λ1(g1) <

√
σ3 < λ1(g2). � λ2(g2) �Q% g2(x) = 0 ;?N2a��t g2(k − t + 1) > 0, g2(1) > 0, g2(0) < 0 s g2(

√
σ2) =

− 1
2 (k−2t+1)(σ2−

√
σ2−1)−√

σ2 < 0,�?F 1 < λ2(g2) <
√

σ2 < λ1(g1) <
√

σ3 < λ1(g2).<) λ2(S
2t
2k) = λ1(g1) = λ1([x

4 − (k − t + 1)x2 + k − 2t + 1](x2 + x − 1) + x). =+ 2.9 ;dA�$�d����y℄=+TE+ 1.5 ;dAmR72uo2;|C� � 2.10 e k s t (t ≥ 2) lbwU k ≥ 2t, U λ1(A
t
k) < λ2(T

2t+1
2(k+1)) U

λ1(A
t
k) < λ2(T

2(t−1)+1
2k ).* D=+ 2.1, #787 At

k ;�aK�j�
Φ(At

k) = xk−2t(x2 − 1)t−2[x4 − (k − t + 1)x2 + k − 2t + 1]. (2.1)



4P Wl\�r9>M0�_h9� 479e g(x) = x4 − (k − t + 1)x2 + k − 2t + 1, D=+ 2.4, λ1(A
t
k) = λ1(g) > 1. e f(x) =

x4−(k−t+2)x2+x+k−2t+1,D=+ 2.9, λ2(T
2t+1
2(k+1)) = λ1(f). s97 f(x) = g(x)−x2+x,e r(x) = −x2 + x, U r(x) l (1/2, +∞) d;�pw�<) r(λ1(g)) < r(1) = 0, D=+

2.5, λ1(g) < λ1(f), � λ1(A
t
k) < λ2(T

2t+1
2(k+1)). )z=#7dA54℄�<j�d�� � 2.11 e k s t (t ≥ 3) lbwU k ≥ 2t, U λ1(A

t
k) < λ2(S

2t
2(k+1)) U

λ1(A
t
k) < λ2(S

2(t−1)
2k ).* D (2.1) s=+ 2.4,

λ1(A
t
k) =λ1(x

4 − (k − t + 1)x2 + k − 2t + 1)

=

√
k − t + 1 +

√
(k − t + 1)2 − 4(k − 2t + 1)

2
=

√
σ3.e f(x) = [x4 − (k − t + 2)x2 + k − 2t + 2](x2 + x− 1) + x, D=+ 2.9, λ2(S

2t
2(k+1)) = λ1(f).s97

f(
√

σ3) = (−σ3 + 1)(σ3 +
√

σ3 − 1) +
√

σ3 = −(σ3 − 2)(σ3 +
√

σ3) − 1.4 t ≥ 3 g σ3 ≥ 2, e f(
√

σ3) < 0, +L λ1(f) >
√

σ3, � λ2(S
2t
2(k+1)) > λ1(A

t
k). )z=#7dA54℄�<j�d�� � 2.12 e k s t (t ≥ 3)lbwU k ≥ 2t+1,U λ1(C

t
k) < λ1(B

t
k) < λ2(T

2t+1
2k ).* D=+ 2.7, λ1(C

t
k) < λ1(B

t
k). ���?dA λ1(B

t
k) < λ2(T

2t+1
2k ).D=+ 2.1, #787 Bt

k ;�aK�j�
Φ(Bt

k) = xk−2t(x2 − 1)t−3[x6 − (k − t + 2)x4 + (3k − 4t − 1)x2 − 2(k − 2t)]. (2.2)e g(x) = x6− (k− t+2)x4 +(3k−4t−1)x2−2(k−2t),D=+ 2.4, λ1(B
t
k) = λ1(g) > 1. e

h(x) = x4− (k− t+1)x2 +x+k−2t,D=+ 2.9, λ2(T
2t+1
2k ) = λ1(h). <� t ≥ 3, e h(1) =

−t+1 < 0,+L λ1(h) > 1. e f(x) = (x2−1)h(x) = x6−(k−t+2)x4+x3+(2k−3t+1)x2−
x−(k−2t),U λ2(T

2t+1
2k ) = λ1(h) = λ1(f). s97 f(x) = g(x)+x3−(k−t−2)x2−x+k−2t,e r(x) = x3 − (k − t − 2)x2 − x + k − 2t. ���?dA r(λ1(g)) < 0. s97

g(x) ={x3 + (k − t − 2)x2 + [(k − t)2 − 5(k − t) + 3]x + t − 2

+ (k − t − 2)[(k − t)2 − 5(k − t) + 3]}r(x)

+ {(k − t − 2)2 − (k − t + 1) + (3k − 4t − 1) − (k − t − 2)(k − 2t)

+ (k − t − 2)[t − 2 + (k − t − 2)((k − t − 2)2 − (k − t + 1))]}x2

+ {t − 2 + (k − t − 2)[(k − t − 2)2 − (k − t + 1)]

− (k − 2t)[(k − t − 2)2 − (k − t + 1)]}x − (k − 2t){t − 2

+ (k − t − 2)[(k − t − 2)2 − (k − t + 1)]} − 2(k − 2t).�dq<j� g(x) = q(x)r(x) + r1(x), U4 q(λ1(g)) 6= 0 g� r(λ1(g)) = − r1(λ1(g))
q(λ1(g)) . �?_'��/℄H0�



480 > A t + + Æ 41��� 1 q(λ1(g)) > 0.s97 q(x) = x3 + (k − t− 2)x2 + [(k − t)2 − 5(k − t) + 3]x + t − 2 + (k − t − 2)[(k −
t)2 − 5(k − t) + 3], U q′(x) = 3x2 + 2(k − t − 2)x + (k − t)2 − 5(k − t) + 3. <� k ≥ 2t + 1U t ≥ 3, e k − t − 2 ≥ t − 1 > 0. ���?dA4 t ≥ 3 U x ≥ 1 g� q′(x) > 0. s974 t ≥ 3 g k ≥ 2t + 1 ≥ 7, �? 7��/nV&�` t ≥ 4 ~ t = 3 U k ≥ 8, U
k − t ≥ 5 > 5+

√
13

2 +L (k − t)2 − 5(k − t) + 3 > 0, [9Æt4 x ≥ 1 g q′(x) > 0. `
t = 3 U k = 7, U q′(x) = 3x2 + 4x − 1, +L4 x ≥ 1 g q′(x) > 0. <) q(x) l [1, +∞)d;Vpw�)z=�4 t ≥ 3 g q(1) > 0. <) q(λ1(g)) > q(1) > 0. H0 1 $,��� 2 r1(λ1(g)) > 0.}:7

r1(x) ={(k − t − 2)2 − (k − t + 1) + (3k − 4t − 1) − (k − t − 2)(k − 2t)

+ (k − t − 2)[t − 2 + (k − t − 2)((k − t − 2)2 − (k − t + 1))]}x2

+ {t − 2 + (k − t − 2)[(k − t − 2)2 − (k − t + 1)]

− (k − 2t)[(k − t − 2)2 − (k − t + 1)]}x − (k − 2t){t− 2

+ (k − t − 2)[(k − t − 2)2 − (k − t + 1)]} − 2(k − 2t).�dq<j� r1(x) = ax2 + bx + c, U r′1(x) = 2ax + b. �oz
� a = (k − t − 2)2[(k −
t)2 − 5(k − t)] + [(k − t)2 − 5(k − t) + 3] + 3k − 4t − 1 + (2k − 8)(k − t − 2). ` t ≥ 4, ~
t = 3 U k ≥ 8, U a > 0. ` t = 3 U k = 7, U a = 3 > 0. <)4 t ≥ 3 g a > 0. �oz
� b = [(k − t)2 − 5(k − t) + 4](t − 2). 8�4 t ≥ 3 g b ≥ 0. <) r′1(x) > 0, r1(x) l
(0, +∞) d;Vpw��L��oz
��?F
r1(1) =a + c + b

=(t − 2){t − 2 + (k − t − 2)[(k − t)2 − 5(k − t) + 3]} + (k − t)(t − 5) + 3k − 4t + 2 + b.` t ≥ 4, ~ t = 3 U k ≥ 8, U (t − 2){t − 2 + (k − t − 2)[(k − t)2 − 5(k − t) + 3]} > 0 U
(k − t)(t − 5) + 3k − 4t + 2 = (k − t)(t − 3) + k − 2t + 2 > 0, [9Æt a + c > 0. ` t = 3U k = 7, U a + c = 2 > 0. <)4 t ≥ 3 g r1(1) > 0, +L r1(λ1(g)) > r1(1) > 0. H0 2$,�}:7 r(λ1(g)) = − r1(λ1(g))

q(λ1(g)) , DH0 1 s 2, r(λ1(g)) < 0. s97 f(x) = g(x)+ r(x),D=+ 2.5, λ1(g) < λ1(f), � λ1(B
t
k) < λ2(T

2t+1
2k ). d�� � 2.13 e ks t (t ≥ 3)lbwU k ≥ 2t+1,U λ1(C

t
k) < λ1(B

t
k) < λ1(A

t−1
k−1) <

λ2(S
2t
2k).* D=+ 2.7, λ1(C

t
k) < λ1(B

t
k). ���?dA λ1(B

t
k) < λ1(A

t−1
k−1) < λ2(S

2t
2k).o�dA λ1(B

t
k) < λ1(A

t−1
k−1).e g(x) = x6 − (k − t + 2)x4 + (3k − 4t − 1)x2 − 2(k − 2t), D (2.2) �=+ 2.4,

λ1(B
t
k) = λ1(g) > 1. e p(x) = x4 − (k − t + 1)x2 + k − 2t + 2, D (2.1) �=+ 2.4,

λ1(A
t−1
k−1) = λ1(p) > 1. e f(x) = (x2−1)p(x) = x6−(k−t+2)x4+(2k−3t+3)x2−(k−2t+2),



4P Wl\�r9>M0�_h9� 481U λ1(A
t−1
k−1) = λ1(p) = λ1(f). s97 f(x) = g(x) − (k − t − 4)x2 + k − 2t − 2, e

r(x) = −(k − t − 4)x2 + k − 2t − 2. ` k = 2t + 1, U r(x) < 0 +L r(λ1(g)) < 0. `
k ≥ 2t+ 2, U r(x) l (0, +∞)d;�pw�<)4 t ≥ 3 g r(λ1(g)) < r(1) = −t +2 < 0.D=+ 2.5, λ1(g) < λ1(f), � λ1(B

t
k) < λ1(A

t−1
k−1).Q*dA λ1(A

t−1
k−1) < λ2(S

2t
2k).e h(x) = [x4 − (k − t + 1)x2 + k − 2t + 1](x2 + x − 1) + x, D=+ 2.9, λ2(S

2t
2k) =

λ1(h). Ddq;�8� λ1(A
t−1
k−1) = λ1(p) = λ1(x

4 − (k − t + 1)x2 + k − 2t + 2) =√
k−t+1+

√
(k−t+1)2−4(k−2t+2)

2 . e σ4 =
k−t+1+

√
(k−t+1)2−4(k−2t+2)

2 , U σ4 > 1. <�
h(
√

σ4) = −(σ4 +
√

σ4 − 1) +
√

σ4 = −σ4 + 1 < 0, e λ1(h) >
√

σ4, � λ2(S
2t
2k) > λ1(A

t−1
k−1).d��

3 �� 1.5�#�[4�m��?_'E+ 1.5 ;dA��?
E+ 1.5 S$E+ 3.1 s 3.2, ZwS�dA[/℄E+��� 3.1 e T l Ω2t+1
2k m;4!s�9x k ≥ 2t+1U t ≥ 3. `,T u, v ∈ P(T̃ 2t+1

2(k+1))i8 T̃ 2t+1
2(k+1) − u − v ∼= T̃ 2t+1

2k , U
λ2(T ) ≤ s1(k, t),)( s1(k, t) lQ% x4 − (k − t + 1)x2 + x + k − 2t = 0 ;{2a�<q$,4U�4

T ∼= T 2t+1
2k .* �?I k Cw.kEOdA[℄E+�4 k = 2t + 1 g�4℄�w� 2t + 1;{2OM�l4℄�>OM�U s1(k, t) lQ% x4 − (t + 2)x2 + x + 1 = 0 ;{2a�DE+ 1.2, [nV&�E+$,�	eE+II k (k ≥ 2t + 1) $,��dE+II k + 1 3$,�D=+ 2.9, λ2(T

2t+1
2(k+1)) lQ% x4 − (k − t + 2)x2 + x + k − 2t + 1 = 0;{2a�e s1(k + 1, t) = λ2(T

2t+1
2(k+1)). j'dA T̃ 2t+1

2(k+1)
∼= T 2t+1

2(k+1) �xd2�s97,T u, v ∈ P(T̃ 2t+1
2(k+1)) i8 T̃ 2t+1

2(k+1) − u − v ∼= T̃ 2t+1
2k , �t T̃ 2t+1

2k ;E;��?F
λ2(T

2t+1
2k ) ≤ λ2(T̃

2t+1
2k ) = λ2(T̃

2t+1
2(k+1) − u − v). Ga�kE	e� λ2(T̃

2t+1
2(k+1) − u − v) ≤

s1(k, t) = λ2(T
2t+1
2k ). <) λ2(T̃

2t+1
2(k+1) − u − v) = s1(k, t), DkE	e� T̃ 2t+1

2(k+1) − u − v ∼=
T 2t+1

2k , +L T̃ 2t+1
2(k+1)

∼= T 2t+1
2k + v + u. J��S�?'dA T̃ 2t+1

2(k+1)
∼= T 2t+1

2(k+1). <� u s vFl T̃ 2t+1
2(k+1) ;*fA�e u s v T T̃ 2t+1

2(k+1) m��4�e u1, u2, u3, u4, u5 l^	 6 |k; T 2t+1
2k ; 5 ℄A��? 7�3 5 n#G;V&�

k − 2t k − 2t� 6 T
2t+1

2k
.
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� 7� 1.1 T̃ 2t+1
2(k+1)

∼= T1, T2 ~ T3.` T̃ 2t+1
2(k+1)

∼= T1,U T̃ 2t+1
2(k+1)−w ∼= (k−2t)K1∪(t−2)K2∪S4∪At+1

k+1. s97K1, K2s S4FlAt+1
k+1;℄v	�D=+ 2.3, λ1(T̃

2t+1
2(k+1)−w) = max{λ1(K1), λ1(K2), λ1(S4), λ1(A

t+1
k+1)} =
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λ1(A
t+1
k+1). D=+ 2.2 s 2.10, λ2(T̃

2t+1
2(k+1)) ≤ λ1(T̃

2t+1
2(k+1) −w) = λ1(A

t+1
k+1) < λ2(T

2t+1
2(k+1)), L

T̃ 2t+1
2(k+1) ;E;:J�e[nV&l�#G'�;�` T̃ 2t+1

2(k+1)
∼= T2 ~ T3, )z=��?3G87:J�� 1.2 T̃ 2t+1
2(k+1)

∼= T4.8� T̃ 2t+1
2(k+1) F4℄�w� 2t + 2 ;OM�L T̃ 2t+1

2(k+1) ;{2OM;�wl 2t + 1 :J�� 1.3 T̃ 2t+1
2(k+1)

∼= T5.

T̃ 2t+1
2(k+1) − w ∼= (k − 2t + 1)K1 ∪ (t − 2)K2 ∪ P3 ∪ At+1

k+1. iC)zV& 1.1 ;dA��?3G87:J�� 1.4 T̃ 2t+1
2(k+1)

∼= T6.

T̃ 2t+1
2(k+1) − w ∼= K1 ∪ Ct

k ∪ At
k. D=+ 2.6, λ1(C

t
k) < λ1(A

t
k). D=+ 2.2 s 2.10,

λ2(T̃
2t+1
2(k+1)) ≤ λ1(T̃

2t+1
2(k+1) − w) = λ1(A

t
k) < λ2(T

2t+1
2(k+1)), :J�� 1.5 T̃ 2t+1

2(k+1)
∼= T7.

T̃ 2t+1
2(k+1) − w ∼= Ct

k ∪ At+1
k+1. <� At

k l At+1
k+1 ;℄v	�D=+ 2.6 s 2.3, λ1(C

t
k) <

λ1(A
t
k) < λ1(A

t+1
k+1). D=+ 2.2 s 2.10, λ2(T̃

2t+1
2(k+1)) ≤ λ1(T̃

2t+1
2(k+1) − w) = λ1(A

t+1
k+1) <

λ2(T
2t+1
2(k+1)), :J�� 1.6 T̃ 2t+1

2(k+1)
∼= T8.

T̃ 2t+1
2(k+1)−w ∼= At

k ∪Ct
k+1. <� At

k l Ct
k+1 ;℄v	�D=+ 2.3, λ1(A

t
k) < λ1(C

t
k+1).D=+ 2.2 s 2.12, λ2(T̃

2t+1
2(k+1)) ≤ λ1(T̃

2t+1
2(k+1) − w) = λ1(C

t
k+1) < λ2(T

2t+1
2(k+1)), :J�� 1.7 T̃ 2t+1

2(k+1)
∼= T9.

T̃ 2t+1
2(k+1) − w ∼= Ct

k ∪ Bt
k+1. <� Bt

k l Bt
k+1 ;℄v	�D=+ 2.7 s 2.3, λ1(C

t
k) <

λ1(B
t
k) < λ1(B

t
k+1). D=+ 2.2 s 2.12, λ2(T̃

2t+1
2(k+1)) ≤ λ1(T̃

2t+1
2(k+1) − w) = λ1(B

t
k+1) <

λ2(T
2t+1
2(k+1)), :J�� 1.8 T̃ 2t+1

2(k+1)
∼= T10.

T̃ 2t+1
2(k+1)−w ∼= Ct

k∪Ct
k+1. <� Ck

t l Ct
k+1 ;℄v	�D=+ 2.3, λ1(C

t
k) < λ1(C

t
k+1).D=+ 2.2 s 2.12, λ2(T̃

2t+1
2(k+1)) ≤ λ1(T̃

2t+1
2(k+1) − w) = λ1(C

t
k+1) < λ2(T

2t+1
2(k+1)), :J�� 1.9 T̃ 2t+1

2(k+1)
∼= T11.

T̃ 2t+1
2(k+1) − w ∼= (k − 2t− 1)K1 ∪ (t − 1)K2 ∪ P3 ∪ At+1

k+1. iC)zV& 1.1 ;dA��?3G87:J�� 1.10 T̃ 2t+1
2(k+1)

∼= T12.

T̃ 2t+1
2(k+1) − w ∼= Ct

k ∪ At+1
k+1. iCLV& 1.5 ��;dA��?3G87:J�� 2 u s u2 �4�T[nV&�� T̃ 2t+1

2(k+1) #G�I^	 8 |k; 9 ℄	�
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cu

u2
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u2

� 8� 2.1 T̃ 2t+1
2(k+1)

∼= T13, T14 ~ T15.

T̃ 2t+1
2(k+1) −w ∼= (k− 2t)K1∪ (t− 2)K2 ∪S4 ∪At+1

k+1, (k− 2t)K1∪ (t− 3)K2 ∪ 2P3 ∪At+1
k+1,~ (k−2t+1)K1∪ (t−2)K2∪P3 ∪At+1

k+1. iC)zV& 1.1;dA��?3G87:J�� 2.2 T̃ 2t+1
2(k+1)

∼= T16.

T̃ 2t+1
2(k+1) − w ∼= K1 ∪ Bt

k ∪ At
k. D=+ 2.6, λ1(B

t
k) < λ1(A

t
k). D=+ 2.2 s 2.10,

λ2(T̃
2t+1
2(k+1)) ≤ λ1(T̃

2t+1
2(k+1) − w) = λ1(A

t
k) < λ2(T

2t+1
2(k+1)), :J�� 2.3 T̃ 2t+1

2(k+1)
∼= T17.

T̃ 2t+1
2(k+1) − w ∼= Bt

k ∪ At+1
k+1. <� At

k l At+1
k+1 ;℄v	�D=+ 2.6 s 2.3, λ1(B

t
k) <

λ1(A
t
k) < λ1(A

t+1
k+1). D=+ 2.2 s 2.10, λ2(T̃

2t+1
2(k+1)) ≤ λ1(T̃

2t+1
2(k+1) − w) = λ1(A

t+1
k+1) <

λ2(T
2t+1
2(k+1)), :J�� 2.4 T̃ 2t+1

2(k+1)
∼= T18.

T̃ 2t+1
2(k+1)−w ∼= At

k∪Bt
k+1. <� At

k l Bt
k+1 ;℄v	�D=+ 2.3, λ1(A

t
k) < λ1(B

t
k+1).D=+ 2.2 s 2.12, λ2(T̃

2t+1
2(k+1)) ≤ λ1(T̃

2t+1
2(k+1) − w) = λ1(B

t
k+1) < λ2(T

2t+1
2(k+1)), :J�� 2.5 T̃ 2t+1

2(k+1)
∼= T19.

T̃ 2t+1
2(k+1)−w ∼= Bt

k∪Bt
k+1. <� Bt

k l Bt
k+1 ;℄v	�D=+ 2.3, λ1(B

t
k) < λ1(B

t
k+1).
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2(k+1)), :J�� 2.6 T̃ 2t+1
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k ∪ At+1
k+1. iCLV& 2.3 ��;dA��?3G87:J�� 3 u s u3 �4�T[nV&�� T̃ 2t+1
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∼= T22.

T̃ 2t+1
2(k+1) − u3

∼= (k − 2t + 2)K1 ∪ (t− 1)K2 ∪At+1
k+1. iC)zV& 1.1 ;dA��?3G87:J�� 3.2 T̃ 2t+1

2(k+1)
∼= T23.

T̃ 2t+1
2(k+1) − w ∼= K1 ∪ At

k ∪ At
k. D=+ 2.2 s 2.10, λ2(T̃

2t+1
2(k+1)) ≤ λ1(T̃

2t+1
2(k+1) − w) =

λ1(A
t
k) < λ2(T

2t+1
2(k+1)), :J�� 3.3 T̃ 2t+1

2(k+1)
∼= T24.

T̃ 2t+1
2(k+1)−w ∼= At

k∪At+1
k+1. <� At

k l At+1
k+1 ;℄v	�D=+ 2.3, λ1(A
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k) < λ1(A

t+1
k+1).D=+ 2.2 s 2.10, λ2(T̃

2t+1
2(k+1)) ≤ λ1(T̃

2t+1
2(k+1) − w) = λ1(A

t+1
k+1) < λ2(T

2t+1
2(k+1)), :J�� 3.4 T̃ 2t+1

2(k+1)
∼= T25.)g� T̃ 2t+1

2(k+1)
∼= T25

∼= T 2t+1
2(k+1), [l�?�2dA;�n�� 3.5 T̃ 2t+1

2(k+1)
∼= T26.8� T̃ 2t+1

2(k+1) F4℄�w� 2t + 2 ;OM�L T̃ 2t+1
2(k+1) ;{2OM;�w� 2t + 1 :J�



486 > A t + + Æ 41�� 3.6 T̃ 2t+1
2(k+1)

∼= T27.

T̃ 2t+1
2(k+1) − w ∼= At

k ∪ At+1
k+1. iCLV& 3.3 ��;dA��?3G87:J�� 4 u s u4 �4�T[nV&�� T̃ 2t+1

2(k+1) #G�I^	 10 |k; 4 ℄	�
c cc c

c cc c

c

k − 2t k − 2tk − 2t k − 2t

p pp pp pp pp pp p

t − 1 t − 1

T28 T29

c cc c

c cc c

c cc c

c cc c

c cc c
c cc c

c cc cc cc c

t − 1 t − 1p pp p
p pp p
p pp p

vc ccvu u

u4 u4

c cc c

c cc c

p pp pp pp pp pp p

t − 1 t − 1

T30 T31

c cc c

c cc c

c cc c

c cc c

c cc c
c cc c

c cc cc cc c

t − 1 t − 1p pp p
p pp p
p pp p

k − 2t k − 2t
v c

k − 2t k − 2t
vc

c cu u

u4 u4

� 10� 4.1 T̃ 2t+1
2(k+1)

∼= T28.

T̃ 2t+1
2(k+1) −u4

∼= 2K1∪At
k−1 ∪At

k. <� At
k−1 l At

k ;℄v	�D=+ 2.3, λ1(A
t
k−1) <

λ1(A
t
k). D=+ 2.2s 2.10, λ2(T̃

2t+1
2(k+1)) ≤ λ1(T̃

2t+1
2(k+1) −u4) = λ1(A

t
k) < λ2(T

2t+1
2(k+1)), :J�� 4.2 T̃ 2t+1

2(k+1)
∼= T29.8� T̃ 2t+1

2(k+1) F4℄�w� 2t + 2 ;OM�L T̃ 2t+1
2(k+1) ;{2OM;�w� 2t + 1 :J�� 4.3 T̃ 2t+1

2(k+1)
∼= T30.` k = 2t + 1, U T̃ 2t+1

2(k+1) − u4
∼= K1 ∪ At

k ∪ T̂ , )( T̂ l^	 5 |k;s�D=+
2.8, λ1(T̂ ) ≤ λ1(A

t−1
2t ) = λ1(A

t−1
k−1). <� At−1

k−1 l At
k ;℄v	�D=+ 2.3, λ1(A

t−1
k−1) <

λ1(A
t
k). D=+ 2.2s 2.10, λ2(T̃

2t+1
2(k+1)) ≤ λ1(T̃

2t+1
2(k+1) −u4) = λ1(A

t
k) < λ2(T

2t+1
2(k+1)), :J�` k ≥ 2t + 2, U T̃ 2t+1

2(k+1) − u4
∼= K1 ∪ At

k ∪ At+1
k . s97 K1, At

k, At+1
k Fl At+1

k+1 ;℄v	�D=+ 2.3, λ1(T̃
2t+1
2(k+1) − u4) = max{λ1(K1), λ1(A

t
k), λ1(A

t+1
k )} < λ1(A

t+1
k+1). D=+ 2.2 s 2.10, λ2(T̃

2t+1
2(k+1)) ≤ λ1(T̃

2t+1
2(k+1) − u4) < λ1(A

t+1
k+1) < λ2(T

2t+1
2(k+1)), :J�� 4.4 T̃ 2t+1

2(k+1)
∼= T31.8� T̃ 2t+1

2(k+1) F4℄�w� 2t + 2 ;OM�L T̃ 2t+1
2(k+1) ;{2OM;�w� 2t + 1 :J�� 5 u s u5 �4�T[nV&�� T̃ 2t+1

2(k+1) #G�I^	 11 |k; 3 ℄	�



4P Wl\�r9>M0�_h9� 487

c cc c

c cc c

p pp pp pp pp pp p

t − 1 t − 1

T32 T33

c cc c

c cc c

c cc c

c cc c

c cc c
c cc c

c cc cc cc c

t − 1 t − 1
p pp p
p pp p
p pp p

k − 2t k − 2tuv
cc

k − 2t k − 2t

v

u5

u

u5

cc

w w

c c

c c

p pp pp p

t − 1

T34

c c

c c

c c

c c

c c
c c

c cc c

t − 1
p p
p p
p p

k − 2t k − 2t

v

u5

u cc � 11� 5.1 T̃ 2t+1
2(k+1)

∼= T32.

T̃ 2t+1
2(k+1) − w ∼= (k − 2t− 1)K1 ∪ (t − 1)K2 ∪ P3 ∪ At+1

k+1. iC)zV& 1.1 ;dA��?3G87:J�� 5.2 T̃ 2t+1
2(k+1)

∼= T33 ~ T34.8� T̃ 2t+1
2(k+1) F4℄�w� 2t + 2 ;OM�L T̃ 2t+1

2(k+1) ;{2OM;�w� 2t + 1 :J��T��?872 T̃ 2t+1
2(k+1)

∼= T25
∼= T 2t+1

2(k+1), <�6��82|F#G;V&�eE+ 3.1 ;dA�$�d���� 3.2 e T l Ω2t
2k m;4!s�9x k ≥ 2t U t ≥ 3. `,T u, v ∈ P(T̃ 2t

2(k+1))i8 T̃ 2t
2(k+1) − u − v ∼= T̃ 2t

2k, U
λ2(T ) ≤ s2(k, t),)( s2(k, t) lQ% [x4 − (k − t + 1)x2 + k − 2t + 1](x2 + x − 1) + x = 0 ;{2a�<q$,4U�4 T ∼= S2t

2k.* �?I k Cw.kEOdA[℄E+�4 k = 2tg�4℄�w� 2t;{2OM�l4℄�>OM�U s2(k, t)lQ% [x4−(t+1)x2 +1](x2 +x−1)+x = 0;{2a�DE+ 1.3,[nV&�E+$,�	eE+II k (k ≥ 2t)$,��dE+II k +13$,�D=+ 2.9, λ2(S
2t
2(k+1))lQ% [x4−(k− t+2)x2+k−2t+2](x2+x−1)+x = 0;{2a�e s2(k + 1, t) = λ2(S

2t
2(k+1)). j'dA T̃ 2t

2(k+1)
∼= S2t

2(k+1) �xd2�s97,T
u, v ∈ P(T̃ 2t

2(k+1))i8 T̃ 2t
2(k+1)−u−v ∼= T̃ 2t

2k,�t T̃ 2t
2k ;E;��?F λ2(S

2t
2k) ≤ λ2(T̃

2t
2k) =

λ2(T̃
2t
2(k+1) − u − v). Ga�kE	e� λ2(T̃

2t
2(k+1) − u − v) ≤ s2(k, t) = λ2(S

2t
2k). <)

λ2(T̃
2t
2(k+1)−u−v) = s2(k, t),DkE	e�T̃ 2t

2(k+1)−u−v ∼= S2t
2k,+L T̃ 2t

2(k+1)
∼= S2t

2k+v+u.J��S�?'dA T̃ 2t
2(k+1)

∼= S2t
2(k+1). <� u s v Fl T̃ 2t

2(k+1) ;*fA�e u s v T
T̃ 2t

2(k+1) m��4�e u1, u2, u3, u4, u5, u6 l^	 12 |k; S2t
2k ; 6 ℄A��? 7�3 6 n#G;V&�



488 > A t + + Æ 41�
c c

c c

c c

c c

c c

c cc c

k − 2t + 1 k − 2t + 1

p p

p pp pp p

p p

p p

t − 2t − 2

u1 u2

u3 u4 u5

u6 � 12 S2t

2k
.

c c

c c

c cc c

� 1 u s u1 �4�T[nV&�� T̃ 2t
2(k+1) #G�I^	 13 |k; 14 ℄	�

c c

c

c c

c cc c

c cc c

c cc c

c cc c

c cc cc cc c

k − 2t + 1 k − 2t + 1k − 2t + 1 k − 2t + 1

p pp p

p pp pp pp pp pp p

p pp p
p pp p

t − 2 t − 2

u

u1 u1

v

w w

c

c

vu c

t − 2 t − 2
c cc c

c cc c

c cc cc cc c

T ′

1
T ′

2

c c

c

c

c c

c cc c

c cc c

c cc c

c cc c

c cc cc cc c

k − 2t + 1 k − 2t + 1k − 2t + 1 k − 2t + 1

p pp p

p pp pp pp pp pp p

p pp p
p pp p

t − 2 t − 2

u

u1 u1

v

w

c c

v

u

t − 2 t − 2
c cc c

c cc c

c cc cc cc c

T ′

3
T ′

4

c c

c

c c

c cc c

c cc c

c cc c

c cc c

c cc cc cc c

k − 2t + 1 k − 2t + 1k − 2t + 1 k − 2t + 1

p pp p

p pp pp pp pp pp p

p pp p
p pp p

t − 2 t − 2

u

u1 u1

cu

t − 2 t − 2c cc c

c cc c

c cc cc cc c

v
w

c v

w

c

T ′

5
T ′

6

c c

c

c c

c cc c

c cc c

c cc c

c cc c

c cc cc cc c

k − 2t + 1 k − 2t + 1k − 2t + 1 k − 2t + 1

p pp p

p pp pp pp pp pp p

p pp p
p pp p

t − 2 t − 2

u

u1 u1

cu

t − 2 t − 2c cc c

c cc c

c cc cc cc c

T ′

7
T ′

8

vc vc

w w

c c

c

c c

c cc c

c cc c

c cc c

c cc c

c cc cc cc c

k − 2t + 1 k − 2t + 1k − 2t + 1 k − 2t + 1

p pp p

p pp pp pp pp pp p

p pp p
p pp p

t − 2 t − 2

u

u1 u1

T ′

10T ′

9

cu

t − 2 t − 2c cc c

c cc c

c cc cc cc c

vc vc
w w

c c

c

c c

c cc c

c cc c

c cc c

c cc c

c cc cc cc c

k − 2t + 1 k − 2t + 1k − 2t + 1 k − 2t + 1

p pp p

p pp pp pp pp pp p

p pp p
p pp p

t − 2 t − 2

u

u1 u1

cu

t − 2 t − 2
c cc c

c cc c

c cc cc cc c

vc

ww

vc

T ′

11
T ′

12



4P Wl\�r9>M0�_h9� 489

c c

c

c c

c cc c

c cc c

c cc c

c cc c

c cc cc cc c

p pp p

p pp pp pp pp pp p

p pp p
p pp p

t − 2 t − 2

u

u1 u1

cu

t − 2 t − 2c cc c

c cc c

c cc cc cc c

k − 2t + 1 k − 2t + 1
v

c
k − 2t + 1k − 2t + 1

v

c

T ′

13
T ′

14� 13

w

� 1.1 T̃ 2t
2(k+1)

∼= T ′
1, T ′

2 ~ T ′
3. 7 T̃ 2t

2(k+1)
∼= T ′

1. e T̃ 2t
2(k+1) − w ∼= Ct

k+1 ∪ T (1). s97 T (1) l4!F k ℄CAUF4℄ (t − 1)- OM;s�U T (1) 6∼= At−1
k , D=+ 2.6, λ1(T

(1)) < λ1(A
t−1
k ).` λ1(C

t
k+1) ≤ λ1(T

(1)), U λ1(T̃
2t
2(k+1)−w) = max{λ1(C

t
k+1), λ1(T

(1))} = λ1(T
(1)). D=+ 2.2 s 2.13, λ2(T̃

2t
2(k+1)) ≤ λ1(T̃

2t
2(k+1) − w) = λ1(T

(1)) < λ1(A
t−1
k ) < λ2(S

2t
2(k+1)), L

T̃ 2t
2(k+1) ;E;:J�` λ1(T

(1)) < λ1(C
t
k+1), U λ1(T̃

2t
2(k+1) − w) = max{λ1(C

t
k+1), λ1(T

(1))} = λ1(C
t
k+1).D=+ 2.2 s 2.13, λ2(T̃

2t
2(k+1)) ≤ λ1(T̃

2t
2(k+1) −w) = λ1(C

t
k+1) < λ2(S

2t
2(k+1)), L T̃ 2t

2(k+1) ;E;:J�e[nV&l�#G'�;�` T̃ 2t
2(k+1)

∼= T ′
2 ~ T ′

3, )z=��?3G87:J�� 1.2 T̃ 2t
2(k+1)

∼= T ′
4.8� T̃ 2t

2(k+1) F4℄�w� 2t+1;OM�L T̃ 2t
2(k+1) ;{2OM;�w� 2t:J�� 1.3 T̃ 2t

2(k+1)
∼= T ′

5.

T̃ 2t
2(k+1) − w ∼= Ct−1

k ∪ Ct
k+1. <� Ct−1

k l Ct
k+1 ;℄v	�D=+ 2.3, λ1(C

t−1
k ) <

λ1(C
t
k+1). D=+ 2.2 s 2.13, λ2(T̃

2t
2(k+1)) ≤ λ1(T̃

2t
2(k+1) −w) = λ1(C

t
k+1) < λ2(S

2t
2(k+1)), :J�� 1.4 T̃ 2t

2(k+1)
∼= T ′

6.

T̃ 2t
2(k+1)−w ∼= K1∪Ct−1

k−1∪Ct
k+1. <� Ct−1

k−1 l Ct
k+1 ;℄v	�D=+ 2.3, λ1(C

t−1
k−1) <

λ1(C
t
k+1). D=+ 2.2 s 2.13, λ2(T̃

2t
2(k+1)) ≤ λ1(T̃

2t
2(k+1) −w) = λ1(C

t
k+1) < λ2(S

2t
2(k+1)), :J�� 1.5 T̃ 2t

2(k+1)
∼= T ′

7.

T̃ 2t
2(k+1) − w ∼= K1 ∪ Ct−1

k ∪ At
k. ` λ1(C

t−1
k ) ≤ λ1(A

t
k), UD=+ 2.2 s 2.11,

λ2(T̃
2t
2(k+1)) ≤ λ1(T̃

2t
2(k+1) − w) = λ1(A

t
k) < λ2(S

2t
2(k+1)), :J�` λ1(A

t
k) < λ1(C

t−1
k ),U λ1(T̃

2t
2(k+1) − w) = λ1(C

t−1
k ). <� Ct−1

k l Ct
k+1 ;℄v	�D=+ 2.3, λ1(C

t−1
k ) <

λ1(C
t
k+1). D=+ 2.2 s 2.13, λ2(T̃

2t
2(k+1)) ≤ λ1(T̃

2t
2(k+1) − w) = λ1(C

t−1
k ) < λ1(C

t
k+1) <

λ2(S
2t
2(k+1)), :J�� 1.6 T̃ 2t

2(k+1)
∼= T ′

8.

T̃ 2t
2(k+1) − w ∼= Ct−1

k ∪ Ct
k+1. iCLV& 1.3 ��;dA��?3G87:J�� 1.7 T̃ 2t

2(k+1)
∼= T ′

9.

T̃ 2t
2(k+1)−w ∼= At

k ∪Ct
k+1. <� At

k l Ct
k+1 ;℄v	�D=+ 2.3, λ1(A

t
k) < λ1(C

t
k+1).D=+ 2.2 s 2.13, λ2(T̃

2t
2(k+1)) ≤ λ1(T̃

2t
2(k+1) − w) = λ1(C

t
k+1) < λ2(S

2t
2(k+1)), :J�� 1.8 T̃ 2t

2(k+1)
∼= T ′

10.



490 > A t + + Æ 41�
T̃ 2t

2(k+1)−w ∼= At−1
k ∪Ct

k+1. ` λ1(A
t−1
k ) ≤ λ1(C

t
k+1),UD=+ 2.2s 2.13, λ2(T̃

2t
2(k+1)) ≤

λ1(T̃
2t
2(k+1) − w) = λ1(C

t
k+1) < λ2(S

2t
2(k+1)), :J�` λ1(C

t
k+1) < λ1(A

t−1
k ), UD=+ 2.2s 2.13, λ2(T̃

2t
2(k+1)) ≤ λ1(T̃

2t
2(k+1) − w) = λ1(A

t−1
k ) < λ2(S

2t
2(k+1)), :J�� 1.9 T̃ 2t

2(k+1)
∼= T ′

11.

T̃ 2t
2(k+1)−w ∼= Ct−1

k ∪Bt
k+1. <� Ct−1

k l Ct
k+1;℄v	�D=+ 2.3s 2.7, λ1(C

t−1
k ) <

λ1(C
t
k+1) < λ1(B

t
k+1). D=+ 2.2 s 2.13, λ2(T̃

2t
2(k+1)) ≤ λ1(T̃

2t
2(k+1) − w) = λ1(B

t
k+1) <

λ2(S
2t
2(k+1)), :J�� 1.10 T̃ 2t

2(k+1)
∼= T ′

12.

T̃ 2t
2(k+1) − w ∼= Ct−1

k ∪ Ct
k+1. iCLV& 1.3 ��;dA��?3G87:J�� 1.11 T̃ 2t

2(k+1)
∼= T ′

13.8� T̃ 2t
2(k+1) F4℄�w� 2t+1;OM�L T̃ 2t

2(k+1) ;{2OM;�w� 2t:J�� 1.12 T̃ 2t
2(k+1)

∼= T ′
14.

T̃ 2t
2(k+1)−w ∼= At

k ∪Ct
k+1. <� At

k l Ct
k+1 ;℄v	�D=+ 2.3, λ1(A

t
k) < λ1(C

t
k+1).D=+ 2.2 s 2.13, λ2(T̃

2t
2(k+1)) ≤ λ1(T̃

2t
2(k+1) − w) = λ1(C

t
k+1) < λ2(S

2t
2(k+1)), :J�� 2 u s u2 �4�T[nV&�� T̃ 2t

2(k+1) #G�I^	 14 |k; 11 ℄	�
c cc c

c cc c

c cc c

c cc c

c cc c

c cc cc cc c

k − 2t + 1 k − 2t + 1k − 2t + 1 k − 2t + 1

p pp p

p pp pp pp pp pp p

p pp p
p pp p

t − 2 t − 2

u

u2

c

t − 2 t − 2c cc c

c cc c

c cc cc cc c

T ′

15
T ′

16

c

u2

vu c

w w

v c

c c

c

c c

c cc c

c cc c

c cc c

c cc c

c cc cc cc c

k − 2t + 1 k − 2t + 1k − 2t + 1 k − 2t + 1

p pp p

p pp pp pp pp pp p

p pp p
p pp p

t − 2 t − 2

u

u2 u2

cu

t − 2 t − 2c cc c

c cc c

c cc cc cc c

T ′

17
T ′

18

vc vc
ww

c c

c

c c

c cc c

c cc c

c cc c

c cc c

c cc cc cc c

k − 2t + 1 k − 2t + 1k − 2t + 1 k − 2t + 1

p pp p

p pp pp pp pp pp p

p pp p
p pp p

t − 2 t − 2

u

u2 u2

cu

t − 2 t − 2c cc c

c cc c

c cc cc cc c

T ′

19
T ′

20

v vc c

w w

c c

c

c c

c cc c

c cc c

c cc c

c cc c

c cc cc cc c

k − 2t + 1 k − 2t + 1k − 2t + 1 k − 2t + 1

p pp p

p pp pp pp pp pp p

p pp p
p pp p

t − 2 t − 2

u

u2 u2

cu

t − 2 t − 2
c cc c

c cc c

c cc cc cc c

T ′

21
T ′

22

v vc c

ww



4P Wl\�r9>M0�_h9� 491

c

c

c

c c

c c

c c

c c

c cc c

k − 2t + 1 k − 2t + 1

p p

p pp pp p

p p
p p

t − 2

u2

u

t − 2
c c

c c

c cc c

T ′

23

vc

w

c cc c

c cc c

c cc c

c cc c

c cc c

c cc cc cc c

p pp p

p pp pp pp pp pp p

p pp p
p pp p

t − 2 t − 2t − 2 t − 2
c cc c

c cc c

c cc cc cc c

k − 2t + 1 k − 2t + 1
v

c k − 2t + 1k − 2t + 1
v

c

T ′

24
T ′

25

c u

u2 u2

cu

� 14

ww

� 2.1 T̃ 2t
2(k+1)

∼= T ′
15 ~ T ′

16.e T̃ 2t
2(k+1) −w ∼= Ct

k+1 ∪ T (2) ~ Ct
k+1 ∪ T (3). s97 T (2), T (3) FlF k ℄CAUF4℄ (t − 1)- OM;s�iCLV& 1.1 ��;dA��?3G87:J�� 2.2 T̃ 2t

2(k+1)
∼= T ′

17.

T̃ 2t
2(k+1) − w ∼= Bt−1

k ∪ Ct
k+1. s97 Bt−1

k l Bt
k+1 ;℄v	�D=+ 2.3 s 2.7,

λ1(T̃
2t
2(k+1)−w) = max{λ1(B

t−1
k ), λ1(C

t
k+1)} < λ1(B

t
k+1). D=+ 2.2s 2.13, λ2(T̃

2t
2(k+1)) ≤

λ1(T̃
2t
2(k+1) − w) < λ1(B

t
k+1) < λ2(S

2t
2(k+1)), :J�� 2.3 T̃ 2t

2(k+1)
∼= T ′

18.

T̃ 2t
2(k+1)−w ∼= At

k∪Bt
k+1. <� At

k l Bt
k+1 ;℄v	�D=+ 2.3, λ1(A

t
k) < λ1(B

t
k+1).D=+ 2.2 s 2.13, λ2(T̃

2t
2(k+1)) ≤ λ1(T̃

2t
2(k+1) − w) = λ1(B

t
k+1) < λ2(S

2t
2(k+1)), :J�� 2.4 T̃ 2t

2(k+1)
∼= T ′

19.

T̃ 2t
2(k+1) − w ∼= K1 ∪ Bt−1

k ∪ At
k. s97 K1, Bt−1

k s At
k Fl Bt

k+1 ;℄v	�D=+ 2.3, λ1(T̃
2t
2(k+1) −w) = max{λ1(K1), λ1(B

t−1
k ), λ1(A

t
k)} < λ1(B

t
k+1). D=+ 2.2 s 2.13,

λ2(T̃
2t
2(k+1)) ≤ λ1(T̃

2t
2(k+1) − w) < λ1(B

t
k+1) < λ2(S

2t
2(k+1)), :J�� 2.5 T̃ 2t

2(k+1)
∼= T ′

20.

T̃ 2t
2(k+1)−w ∼= K1∪At−1

k−1∪Bt
k+1. <� At−1

k−1 l Bt
k+1 ;℄v	�D=+ 2.3, λ1(A

t−1
k−1) <

λ1(B
t
k+1). D=+ 2.2 s 2.13, λ2(T̃

2t
2(k+1)) ≤ λ1(T̃

2t
2(k+1) −w) = λ1(B

t
k+1) < λ2(S

2t
2(k+1)), :J�� 2.6 T̃ 2t

2(k+1)
∼= T ′

21.

T̃ 2t
2(k+1) − w ∼= At

k ∪ Bt
k+1. iCLV& 2.3 ��;dA��?3G87:J�� 2.7 T̃ 2t

2(k+1)
∼= T ′

22.

T̃ 2t
2(k+1)−w ∼= At−1

k ∪Bt
k+1. ` λ1(A

t−1
k ) ≤ λ1(B

t
k+1),UD=+ 2.2s 2.13, λ2(T̃

2t
2(k+1)) ≤

λ1(T̃
2t
2(k+1) − w) = λ1(B

t
k+1) < λ2(S

2t
2(k+1)), :J�` λ1(B

t
k+1) < λ1(A

t−1
k ), UD=+ 2.2s 2.13, λ2(T̃

2t
2(k+1)) ≤ λ1(T̃

2t
2(k+1) − w) = λ1(A

t−1
k ) < λ2(S

2t
2(k+1)), :J�� 2.8 T̃ 2t

2(k+1)
∼= T ′

23.

T̃ 2t
2(k+1) − w ∼= Bt−1

k ∪ Bt
k+1. <� Bt−1

k l Bt
k+1 ;℄v	�D=+ 2.3, λ1(B

t−1
k ) <

λ1(B
t
k+1). D=+ 2.2 s 2.13, λ2(T̃

2t
2(k+1)) ≤ λ1(T̃

2t
2(k+1) −w) = λ1(B

t
k+1) < λ2(S

2t
2(k+1)), :



492 > A t + + Æ 41�J�� 2.9 T̃ 2t
2(k+1)

∼= T ′
24 ~ T ′

25.

T̃ 2t
2(k+1) − w ∼= At

k ∪ Bt
k+1. iCLV& 2.3 ��;dA��?3G87:J�� 3 u s u3 �4�T[nV&�� T̃ 2t

2(k+1) #G�I^	 15 |k; 8 ℄	�
c cc c

c cc c

c cc c

c cc c

c cc c

c cc cc cc c

k − 2t + 1 k − 2t + 1k − 2t + 1 k − 2t + 1

p pp p

p pp pp pp pp pp p

p pp p
p pp p

t − 2 t − 2

u

u3

c

t − 2 t − 2c cc c

c cc c

c cc cc cc c

T ′

26
T ′

27

c

u3

vu c

w
vc

w

c cc c

c cc c

c cc c

c cc c

c cc c

c cc cc cc c

k − 2t + 1 k − 2t + 1k − 2t + 1 k − 2t + 1

p pp p

p pp pp pp pp pp p

p pp p
p pp p

t − 2 t − 2

u
u3

c

t − 2 t − 2c cc c

c cc c

c cc cc cc c

T ′

28
T ′

29

c

u3

u vc vc
ww

c cc c

c cc c

c cc c

c cc c

c cc c

c cc cc cc c

k − 2t + 1 k − 2t + 1k − 2t + 1 k − 2t + 1

p pp p

p pp pp pp pp pp p

p pp p
p pp p

t − 2 t − 2

u
u3

c

t − 2 t − 2c cc c

c cc c

c cc cc cc c

T ′

30
T ′

31

c

u3

u
w

vc vc

c cc c

c cc c

c cc c

c cc c

c cc c

c cc cc cc c

p pp p

p pp pp pp pp pp p

p pp p
p pp p

t − 2 t − 2t − 2 t − 2c cc c

c cc c

c cc cc cc c

k − 2t + 1 k − 2t + 1
v

c
k − 2t + 1k − 2t + 1

v

c

T ′

32
T ′

33

c u

u3 u3

cu
w� 15� 3.1 T̃ 2t

2(k+1)
∼= T ′

26.

T̃ 2t
2(k+1) − w ∼= At−1

k ∪ Ct
k+1. iCLV& 1.8 ��;dA��?3G87:J�� 3.2 T̃ 2t

2(k+1)
∼= T ′

27.

T̃ 2t
2(k+1)−w ∼= K1∪At−1

k−1∪Ct
k+1. <� At−1

k−1 l Ct
k+1 ;℄v	�D=+ 2.3, λ1(A

t−1
k−1) <

λ1(C
t
k+1). D=+ 2.2 s 2.13, λ2(T̃

2t
2(k+1)) ≤ λ1(T̃

2t
2(k+1) −w) = λ1(C

t
k+1) < λ2(S

2t
2(k+1)), :J�� 3.3 T̃ 2t

2(k+1)
∼= T ′

28.

T̃ 2t
2(k+1) − w ∼= K1 ∪ At−1

k ∪ At
k. ` λ1(A

t−1
k ) ≤ λ1(A

t
k), UD=+ 2.2 s 2.11,

λ2(T̃
2t
2(k+1)) ≤ λ1(T̃

2t
2(k+1) − w) = λ1(A

t
k) < λ2(S

2t
2(k+1)), :J�` λ1(A

t
k) < λ1(A

t−1
k ),UD=+ 2.2 s 2.13, λ2(T̃

2t
2(k+1)) ≤ λ1(T̃

2t
2(k+1) − w) = λ1(A

t−1
k ) < λ2(S

2t
2(k+1)), :J�� 3.4 T̃ 2t

2(k+1)
∼= T ′

29.

T̃ 2t
2(k+1) − w ∼= At−1

k ∪ Ct
k+1. iCLV& 1.8 ��;dA��?3G87:J�� 3.5 T̃ 2t

2(k+1)
∼= T ′

30.



4P Wl\�r9>M0�_h9� 493

T̃ 2t
2(k+1) − w ∼= At−1

k ∪ Bt
k+1. iCLV& 2.7 ��;dA��?3G87:J�� 3.6 T̃ 2t

2(k+1)
∼= T ′

31.)g� T̃ 2t
2(k+1)

∼= T ′
31 = S2t

2(k+1), [l�?�2dA;�n�� 3.7 T̃ 2t
2(k+1)

∼= T ′
32.8� T̃ 2t

2(k+1) F4℄�w� 2t+1;OM�L T̃ 2t
2(k+1) ;{2OM;�w� 2t:J�� 3.8 T̃ 2t

2(k+1)
∼= T ′

33.` k = 2t, U T̃ 2t
2(k+1) − w ∼= At−1

k ∪ T̂ , )( T̂ l^	 5 |k;s�D=+ 2.8,

λ1(T̂ ) ≤ λ1(A
t−1
2t ) = λ1(A

t−1
k ). D=+ 2.2 s 2.13, λ2(T̃

2t
2(k+1)) ≤ λ1(T̃

2t
2(k+1) − w) =

λ1(A
t−1
k ) < λ2(S

2t
2(k+1)), :J�` k ≥ 2t + 1, U T̃ 2t

2(k+1) − w ∼= At−1
k ∪ At+1

k+1. ` λ1(A
t−1
k ) ≤ λ1(A

t+1
k+1), UD=+ 2.2s 2.11, λ2(T̃

2t
2(k+1)) ≤ λ1(T̃

2t
2(k+1) − w) = λ1(A

t+1
k+1) < λ2(S

2t
2(k+1)), :J�` λ1(A

t+1
k+1) <

λ1(A
t−1
k ), UD=+ 2.2 s 2.13, λ2(T̃

2t
2(k+1)) ≤ λ1(T̃

2t
2(k+1) − w) = λ1(A

t−1
k ) < λ2(S

2t
2(k+1)),:J�� 4 u s u4 �4�T[nV&�� T̃ 2t

2(k+1) #G�I^	 16 |k; 6 ℄	�
c cc c

c cc c

c cc c

c cc c

c cc c

c cc cc cc c

k − 2t + 1 k − 2t + 1k − 2t + 1 k − 2t + 1

p pp p

p pp pp pp pp pp p

p pp p
p pp p

t − 2 t − 2

u

u4

c

t − 2 t − 2c cc c

c cc c

c cc cc cc c

T ′

34
T ′

35

c

u4

vu c

w
vc

c cc c

c cc c

c cc c

c cc c

c cc c

c cc cc cc c

k − 2t + 1 k − 2t + 1k − 2t + 1 k − 2t + 1

p pp p

p pp pp pp pp pp p

p pp p
p pp p

t − 2 t − 2

u

u4

c

t − 2 t − 2c cc c

c cc c

c cc cc cc c

T ′

36
T ′

37

c

u4

u
w

vc vc

c cc c

c cc c

c cc c

c cc c

c cc c

c cc cc cc c

p pp p

p pp pp pp pp pp p

p pp p
p pp p

t − 2 t − 2t − 2 t − 2
c cc c

c cc c

c cc cc cc c

k − 2t + 1 k − 2t + 1
v

c
k − 2t + 1k − 2t + 1

v

c

T ′

38
T ′

39

u

u4

cc

u4

u

� 16� 4.1 T̃ 2t
2(k+1)

∼= T ′
34.

T̃ 2t
2(k+1) − w ∼= At

k ∪ Bt
k+1. iCLV& 2.3 ��;dA��?3G87:J�� 4.2 T̃ 2t

2(k+1)
∼= T ′

35.8� T̃ 2t
2(k+1) F4℄�w� 2t+1;OM�L T̃ 2t

2(k+1) ;{2OM;�w� 2t:J�� 4.3 T̃ 2t
2(k+1)

∼= T ′
36.

T̃ 2t
2(k+1) − w ∼= At

k ∪ Ct
k+1. iCLV& 1.7 ��;dA��?3G87:J�� 4.4 T̃ 2t

2(k+1)
∼= T ′

37.8� T̃ 2t
2(k+1) F4℄�w� 2t+1;OM�L T̃ 2t

2(k+1) ;{2OM;�w� 2t:J�



494 > A t + + Æ 41�� 4.5 T̃ 2t
2(k+1)

∼= T ′
38.e T̃ 2t

2(k+1) − u4
∼= K1 ∪ Ct

k+1 ∪ T (4). s97 T (4) l Ct
k+1 ;℄v	�D=+ 2.3,

λ1(T
(4)) < λ1(C

t
k+1). D=+ 2.2 s 2.13, λ2(T̃

2t
2(k+1)) ≤ λ1(T̃

2t
2(k+1) − u4) = λ1(C

t
k+1) <

λ2(S
2t
2(k+1)), :J�� 4.6 T̃ 2t

2(k+1)
∼= T ′

39.8� T̃ 2t
2(k+1) F4℄�w� 2t+1;OM�L T̃ 2t

2(k+1) ;{2OM;�w� 2t:J�� 5 u s u5 �4�T[nV&�� T̃ 2t
2(k+1) #G�I^	 17 |k; 4 ℄	�

c cc c

c cc c

c cc c

c cc c

c cc c

c cc cc cc c

k − 2t + 1 k − 2t + 1k − 2t + 1 k − 2t + 1

p pp p

p pp pp pp pp pp p

p pp p
p pp p

t − 2 t − 2

u

u5

c

t − 2 t − 2
c cc c

c cc c

c cc cc cc c

T ′

40
T ′

41

c

u5

vu c vc

c cc c

c cc c

c cc c

c cc c

c cc c

c cc cc cc c

p pp p

p pp pp pp pp pp p

p pp p
p pp p

t − 2 t − 2t − 2 t − 2
c cc c

c cc c

c cc cc cc c

k − 2t + 1 k − 2t + 1
v

c k − 2t + 1k − 2t + 1
v

c

T ′

42
T ′

43

w
u

u5

cc

u5

u

� 17� 5.1 T̃ 2t
2(k+1)

∼= T ′
40.

T̃ 2t
2(k+1) −u5

∼= 2K1∪At−1
k−1 ∪At

k. <� At−1
k−1 l At

k ;℄v	�D=+ 2.3, λ1(A
t−1
k−1) <

λ1(A
t
k). D=+ 2.2s 2.11, λ2(T̃

2t
2(k+1)) ≤ λ1(T̃

2t
2(k+1) −u5) = λ1(A

t
k) < λ2(S

2t
2(k+1)), :J�� 5.2 T̃ 2t

2(k+1)
∼= T ′

41.

T̃ 2t
2(k+1) − u5

∼= K1 ∪At−1
k−1 ∪Ct

k+1. iCLV& 3.2 ��;dA��?3G87:J�� 5.3 T̃ 2t
2(k+1)

∼= T ′
42.8� T̃ 2t

2(k+1) F4℄�w� 2t+1;OM�L T̃ 2t
2(k+1) ;{2OM;�w� 2t:J�� 5.4 T̃ 2t

2(k+1)
∼= T ′

43.

T̃ 2t
2(k+1) − w ∼= At

k ∪ Ct
k+1. iCLV& 1.7 ��;dA��?3G87:J�� 6 u s u6 �4�T[nV&�� T̃ 2t

2(k+1) #G�I^	 18 |k; 3 ℄	�� 6.1 T̃ 2t
2(k+1)

∼= T ′
44.

T̃ 2t
2(k+1) − w ∼= At

k ∪ Bt
k+1. iCLV& 2.3 ��;dA��?3G87:J�� 6.2 T̃ 2t

2(k+1)
∼= T ′

45 ~ T ′
46.8� T̃ 2t

2(k+1) F4℄�w� 2t+1;OM�L T̃ 2t
2(k+1) ;{2OM;�w� 2t:J�



4P Wl\�r9>M0�_h9� 495

c cc c

c cc c

c cc c

c cc c

c cc c

c cc c

p pp p
p pp p
p pp p

t − 2 t − 2t − 2 t − 2c cc cc cc cc cc c

T ′

44
T ′

45

c cc cp pp pp pp pp pp pc cc c

k − 2t + 1 k − 2t + 1uv cc vu cc

u6 u6

w w

k − 2t + 1k − 2t + 1

c c

c c

c c

c c

c c

c c

p p
p p
p p

t − 2 t − 2c cc cc c

T ′

46

c cp pp pp pc c

vu cc

u6 � 18

k − 2t + 1k − 2t + 1�T��?872 T̃ 2t
2(k+1)

∼= T ′
31 = S2t

2(k+1), <�6��82|F#G;V&�eE+ 3.2 ;dA�$�d�� ~ � � �
[1] Chang A. Bounds on the second largest eigenvalue of a tree with perfect matchings. Linear Algebra

and its Applications, 1998, 283(1-3): 247–255

[2] Guo J M, Tan S W. A conjecture on the second largest eigenvalue of a tree with perfect matchings.

Linear Algebra and its Applications, 2002, 347(1-3): 9–15

[3] Guo J M, Tan S W. A note on the second largest eigenvalue of a tree with perfect matchings. Linear

Algebra and its Applications, 2004, 380: 125–134

[4] Hou Y P, Li J S. Bounds on the largest eigenvalues of trees with a given size of matching. Linear

Algebra and its Applications, 2002, 342(1-3): 203–217
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Abstract Guo and Tan in [Ji-Ming Guo, Shang-Wang Tan, A conjecture on the second

largest eigenvalue of a tree with perfect matchings, Linear Algebra and its Applications

347 (1–3) (2002) 9-15] and [Ji-Ming Guo, Shang-Wang Tan, A note on the second largest

eigenvalue of a tree with perfect matchings, Linear Algebra and its Applications 380 (2004)

125-134] presented the upper bounds for the second largest eigenvalue of a tree on 2k vertices

with perfect matchings in terms of the number of vertices and characterized the trees whose

second largest eigenvalues attain the upper bounds. In this paper, we present the upper

bounds for the second largest eigenvalue of a tree on 2k vertices in terms of the number of

vertices and the size of maximum matchings and characterize the trees whose second largest

eigenvalues attain the upper bounds.
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