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462 � ! � } } � 41{GS�ym��;p�o�℄��4� HIV , CD4-T U�B)�S�Doe~ HIV Xd��B)�# ([1–4]H`�&E). 7 [1,4]S�f>*>��z(l�1	XB�;p�KA�
aX CD4-T U��Æ
aX CD4-T U��* HIV 'gU���"��^vrw%�℄���l�6<�y8;p�1�,1r�XI'rw%��>/�iR;pS�/6�"`mX}^vrw%r�> βTv, Holling prw% βTv
1+αT

* βTv
1+αv

,

Beddington-DeAngelis�Bvu� βTv
1+αT+ωv

,Crowley-Martin�Bvu� βT (t)v(t)
(1+aT (t))(1+bv(t))ZZ�Urw% [5−10]. Crowley-Martin �Bvu��% P.H. Crowley and E.K. Martin�X�iwNS4 [9,11]. 7 [8,9] S�f>*>��z( Crowley-Martin �Bvu�Xl�6<�;p




























dT (t)

dt
= λ− dT (t) − βT (t)v(t)

(1 + aT (t))(1 + bv(t))
, (1a)

dI(t)

dt
=

βT (t)v(t)

(1 + aT (t))(1 + bv(t))
− δI(t), (1b)

dv(t)

dt
= mI(t) − nv(t). (1c)f>�%$ Lyapunov &�>>pCvwN;pXÆ&�r�O\w[mGbv�;R�GbX-Y�F6�O\w[mGbvB%B�6w�^b�(kÆ
aX CD4-T U�z(R�v [7,12,13], ��MT+(Bav�o"i}TOBav.�VmD<�"�(��ÆÆ
aX CD4-T U��7��
R�X*<1X�9(�%*U��t)v� HIV U�kiU�RÆ
aU�z(Bav(bX�: [14], }Q;pB�2CU�S�B*�o�f*U�)v�P�J/�i,1X}Q��"hVX}Q<�;p












































dT (t)

dt
= λ− dT (t) − βT (t)v(t)

(1 + aT (t))(1 + bv(t))
, (2a)

dE(t)

dt
= e−m1τ1

βT (t− τ1)v(t− τ1)

(1 + aT (t− τ1))(1 + bv(t− τ1))
− δE(t) − µE(t), (2b)

dI(t)

dt
= pe−m2τ2E(t− τ2) − cI(t), (2c)

dv(t)

dt
= me−m3τ3I(t− τ3) − nv(t). (2d)J/ULX4�#�0�XX���#� T (t), E(t), I(t) * v(t) �%$�b,?A�
aX CD4-T U�X���R�XÆ
aX CD4-T U�X���<1XÆ
aX

CD4-T U�X��*'gU����D6X CD4-T U���% λ 2w��6� d X�%a_�9�Æ
aU���% βT (t)v(t)
(1+aT (t))(1+bv(t)) 2wkiR�bi�R�XÆ
aX

CD4-T U��0� δ X�%#><1XÆ
aX CD4-T U�(�0� µ X�%f9
(R�XÆ
aX CD4-T U�J|w8WM). <1XÆ
aX CD4-T U�� p X�%2w(� c X�%℄4> HIV'gU��o'gU�2wX�%r> m, O�T?X�%Rb> n. τ1 4�X� HIV ki CD4-T U�R#>R�X}TT� τ2 4�X�R�XÆ
aU�R#><1XÆ
aU�X}TT� τ3 $�2w<1XÆ
aU�RO}�z(
av
aD6X CD4-T U�X}TT� e−m1τ1 , e−m2τ2 * e−m3τ3



4L � PY�y&�m|P' Crowley-Martin ��ut�V HIV �}9nFau�q 4634�X�U�℄4"8SXF<�%�B*wN�X���S4�3"(0�Rr>}�X�O τ1 = τ2 = τ3 = 0, S4u#7�k�X6<�y8S4�Rr<I-Y>
T (t) = ψ1(t) ≥ 0, E(t) = ψ2(t) ≥ 0, I(t) = ψ3(t) ≥ 0,

v(t) = ψ4(t) ≥ 0, t ∈ (−τ, 0),

τ = max {τ1, τ2, τ3}, ψi(0) > 0,

(3)OS ψi(t) ∈ C((−τ, 0], R+) (i = 1, 2, 3, 4) * R+ = [0,∞). /"x&<�y8B�Æ&
[15],J/��U>7<I (3)-YV�O t ≥ 0}�S4 (2a–2b)Xe (T (t), E(t), I(t), v(t))�F7=X�7�&ES�J/Y��rR�XÆ
aU�k* HIV 'gB)X�b��r}QB��b HIV d��B)��$ Lyapunov x&��rS4X\w[mGb [6,16−19]. 7&ES [17,18], f>�>��8}QS4 Lyapunovx&Xkys�7�&ES��XJ/V>S4X}�v*(gv�V>�B�6w� R0, aV��J/�8 Lyapunov x&F6�S4 (2a–2b) X\w[mGbv�:HhV
7℄ 2 J/�>J/_*B�vO�℄ 3 &'\wvO�℄ 4 �>�I;D�℄ 5 �d&�
2 �y�t�vjq��XJ/℄�eX}�v*(gv�m� 1 r (T (t), E(t), I(t), v(t)) �S4 (2a–2b) '<I-Y (3) Xe�=) T (t),

E(t), I(t) * v(t) k"(X t > 0 f�}�XS(gX�, RbF7 t > 0 �U T (t), E(t), I(t) >> v(t) Z* 0. �
t∗ = min {t > 0 : T (t)E(t)I(t)v(t) = 0}.h T (t∗) = 0, u(

dT (t)

dt

∣

∣

∣

t=t∗
= λ > 0.�G T (t) < 0 k*"(X t ∈ (t∗ − ε, t∗), �� ε > 0 ;�h��,-Y T (t) > 0 (l�"�k* t ≥ 0 ( T (t) > 0.h E(t∗) = 0,O t ∈ [0, t∗], J/( T (t∗) > 0, I(t∗) ≥ 0* v(t∗) ≥ 0. k* t ∈ [0, t∗],( dE(t)

dt
≥ −δE(t) − µE(t). �G E(t) ≥ E(0)e−(δ+µ)t. �,Rb E(t∗) = 0 (l��Ck*"(X t ≥ 0 ( E(t) > 0. `�X�k*"(X t ≥ 0 , J/( I(t) > 0 * v(t) > 0, �G"(Xe�9DX��8%y8 (2a) J/�U dT (t)

dt
≤ λ− dT (t). `�X�J/(

lim sup
t→∞

T (t) ≤ λ

d
.��B^ T (t) �(gX�� F (t) = T (t) + em1τ1E(t+ τ1) * σ = min{µ+ δ, d}, =)J/�U

dF (t)

dt
= λ− dT (t) − em1τ1(µ+ δ)E(t+ τ1) ≤ λ− σF (t).
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�(gX�`�XJ/BUR I(t) * v(t) 
�(gX�F��S4 (2a–2b) XJ/_'V�y8


































λ− dT − βTv

(1 + aT )(1 + bv)
= 0, (4a)

e−m1τ1
βTv

(1 + aT )(1 + bv)
− δE − µE = 0, (4b)

pe−m2τ2E − cI = 0, (4c)

me−m3τ3I − nv = 0. (4d)-g�~Rb�(�L'J/_ E1(T0, 0, 0, 0), �� T0 = λ
d
. O�B�6w� R0>

R0 =
λβpm

(µ+ δ)(d+ λa)cn
e−(m1τ1+m2τ2+m3τ3).

R0 $�L�Æ
aXU�7%w8WM?�B�
aO$U�X��M:I�J/~R R0 ��*l�}QXV&���8J/rY R0 �3(+(�$0� b. 9VUO R0 > 1, S4h(�BavvJ/_ E2(T
∗, E∗, I∗, v∗), OS

T ∗ =
−A

2abdpm
+

√
A2 + 4B

2abdpm
, E∗ =

(λ− dT ∗)e−m1τ1

(µ+ δ)
, I∗ =

pe−(m1τ1+m2τ2)(λ− dT ∗)

c(µ+ δ)
,

v∗ =
pm(λ− dT ∗)e−(m1τ1+m2τ2+m3τ3)

cn(µ+ δ)
,

A = βpm+ bdpm− λabpm− (µ+ δ)acnem1τ1+m2τ2+m3τ3 ,

B = abdpm (λbpm+ (µ+ δ)cnem1τ1+m2τ2+m3τ3).

3 �{�k�q�m� 2 h R0 ≤ 1, k*d�X}Q τ1 ≥ 0, τ2 ≥ 0 * τ3 ≥ 0, S4 (2a–2b) XL'J/_ E1(T0, 0, 0, 0) �\w[mGbX�, �X�J/��~R&� (T (t) − T0 − T0 ln T (t)
T0

) �}�X�7 T (t) = T0 �Z* 0. b� Lyapunov x& V1(T (t), E(t), I(t), v(t)) > (0� [15,20]):

V1(T (t), E(t), I(t), v(t))

=
1

1 + aT0

(

T (t) − T0 − T0 ln
T (t)

T0

)

+ em1τ1E(t) +
em1τ1em2τ2(µ+ δ)

p
I(t)

+
em1τ1em2τ2em3τ3(µ+ δ)c

pm
v(t) + U1(t) + U2(t) + U3(t),OS

U1(t) =

∫ t

t−τ1

βT (s)v(s)

(1 + aT (s))(1 + bv(s))
ds, U2(t) = em1τ1(µ+ δ)

∫ t

t−τ2

E(s) ds,

U3(t) =
em1τ1em2τ2(µ+ δ)c

p

∫ t

t−τ3

I(s) ds.



4L � PY�y&�m|P' Crowley-Martin ��ut�V HIV �}9nFau�q 465>y $G�J/Rb V1(t) = V1(T (t), E(t), I(t), v(t)). k*d�X (T (t), E(t), I(t), v(t)) >

0, -g�~R V1(t) ≥ 0. %bÆ 1 �G,�a#�f�}�X�"��U V1(t) = 0 OShO T (t) = T0, E(t) = I(t) = v(t) = 0. O� U1(t), U2(t) * U3(t) XP��J/�U
dU1(t)

dt
=

βT (t)v(t)

(1 + aT (t))(1 + bv(t))
− βT (t− τ1)v(t− τ1)

(1 + aT (t− τ1))(1 + bv(t− τ1))
,

dU2(t)

dt
= em1τ1(µ+ δ)(E(t) − E(t− τ2)),

dU3(t)

dt
=
em1τ1em2τ2(µ+ δ)c

p
(I(t) − I(t− τ3)).O� V1(t) XP���U

dV1(t)

dt
=

1

1 + aT0

(

1 − T0

T (t)

)dT (t)

dt
+ em1τ1

dE(t)

dt
+
em1τ1em2τ2(µ+ δ)

p

dI(t)

dt

+
em1τ1em2τ2em3τ3(µ+ δ)c

pm

dv(t)

dt
+

dU1(t)

dt
+

dU2(t)

dt
+

dU3(t)

dt

=
1

1 + aT0

(

1 − T0

T (t)

)(

λ− dT (t) − βT (t)v(t)

(1 + aT (t))(1 + bv(t))

)

+ em1τ1(e−m1τ1
βT (t− τ1)v(t− τ1)

(1 + aT (t− τ1))(1 + bv(t− τ1))
− δE(t) − µE(t))

+
em1τ1em2τ2(µ+ δ)

p
(pe−m2τ2E(t− τ2) − cI(t))

+
em1τ1em2τ2em3τ3(µ+ δ)c

pm
(me−m3τ3I(t− τ3) − nv(t))

+
dU1(t)

dt
+

dU2(t)

dt
+

dU3(t)

dt

= − d(T (t) − T0)
2

T (t)(1 + aT0)
+

βT0v(t)

(1 + aT0)(1 + bv(t))
− em1τ1em2τ2em3τ3(µ+ δ)cn

pm
v(t)

= − d(T (t) − T0)
2

T (t)(1 + aT0)
− em1τ1em2τ2em3τ3(µ+ δ)cnb

pm(1 + bv(t))
v2(t)

+
em1τ1em2τ2em3τ3(µ+ δ)cn

pm(1 + bv(t))
(R0 − 1)v(t).�C�U�h R0 ≤ 1, u( dV1(T (t),E(t),I(t),v(t))

dt
≤ 0. �U E1(T0, 0, 0, 0) �GbX�9(k*G+

{

(T (t), E(t), I(t), v(t)) ∈ C4
∣

∣

∣

dV1(T (t), E(t), I(t), v(t))

dt
= 0

}

=
{

(T (t), E(t), I(t), v(t)) ∈ C4
∣

∣

∣
T (t) = T0, v(t) ≥ 0, E(t) ≥ 0, I(t) ≥ 0

}

.�VUOeJ,#G�L_G {E1} (W [2,17]). "�% Lyapunov-LaSalle ,#G.Æ�GO R0 ≤ 1, E1(T0, 0, 0, 0) �\w[mGbX�F��m� 3 h R0 > 1, k*d�X}Q τ1 ≥ 0, τ2 ≥ 0, * τ3 ≥ 0, S4 (2a-2b) XBavJ/_ E2(T
∗, E∗, I∗, v∗) �\w[mGbX�



466 � ! � } } � 41{, b� Lyapunov x& V2(t) = V2(T (t), E(t), I(t), v(t)) >

V2(t) =

e−m1τ1

1 + aT ∗

(

T (t) − T ∗ − T ∗ ln
T (t)

T ∗

)

+
(

E(t) − E∗ − E∗ ln
E(t)

E∗

)

+
em2τ2(µ+ δ)

p

(

I(t) − I∗ − I∗ ln
I(t)

I∗

)

+
e(m2τ2+m3τ3)(µ+ δ)c

pm

(

v(t) − v∗ − v∗ ln
v(t)

v∗

)

+ (µ+ δ)E∗(U4(t) + U5(t) + U6(t)),OS
U4(t) =

∫ t

t−τ1

[ e−m1τ1βT (s)v(s)

(µ+ δ)E∗(1 + aT (s))(1 + bv(s))

− 1 − ln
e−m1τ1βT (s)v(s)

(µ+ δ)E∗(1 + aT (s))(1 + bv(s))

]

ds,

U5(t) =

∫ t

t−τ2

[E(s)

E∗
− 1 − ln

E(s)

E∗

]

ds,

U6(t) =

∫ t

t−τ3

[I(s)

I∗
− 1 − ln

I(s)

I∗

]

ds.�Gx& V2(t) �}�X�h7 E2(T
∗, E∗, I∗, v∗) �Z* 0. O� V2(t) X<��J/(

dV2(t)

dt
=
e−m1τ1

1 + aT ∗

(

1 − T ∗

T (t)

)dT (t)

dt
+

(

1 − E∗

E(t)

)dE(t)

dt
+
em2τ2(µ+ δ)

p

(

1 − I∗

I(t)

)dI(t)

dt

+
e(m2τ2+m3τ3)(µ+ δ)c

pm

(

1 − v∗

v(t)

)dv(t)

dt

+ (µ+ δ)E∗

(dU4(t)

dt
+

dU5(t)

dt
+

dU6(t)

dt

)

.O� U4(t), U5(t) * U6(t), �U
dU4(t)

dt
=

e−m1τ1βT (t)v(t)

(µ+ δ)E∗(1 + aT (t))(1 + bv(t))
− e−m1τ1βT (t− τ1)v(t − τ1)

(µ+ δ)E∗(1 + aT (t− τ1))(1 + bv(t− τ1))

+ ln
[ T (t− τ1)v(t− τ1)

(1 + aT (t− τ1))(1 + bv(t− τ1))

(1 + aT (t))(1 + bv(t))

T (t)v(t)

]

,

dU5(t)

dt
=
E(t)

E∗
− E(t− τ2)

E∗
+ ln

E(t− τ2)

E(t)
,

dU6(t)

dt
=
I(t)

I∗
− I(t− τ3)

I∗
+ ln

I(t− τ3)

I(t)
.7J/_ E2(T

∗, E∗, I∗, v∗) ��J/(
λ = dT ∗ +

βT ∗v∗

(1 + aT ∗)(1 + bv∗)
,

βe−m1τ1T ∗v∗

(1 + aT ∗)(1 + bv∗)
= (δ + µ)E∗,

pe−m2τ2E∗ = cI∗, me−m3τ3I∗ = nv∗.
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dV2(t)

dt
= − e−m1τ1d(T (t) − T ∗)2

T (t)(1 + aT ∗)

+ (µ+ δ)E∗

[

5 − T ∗

T (t)

1 + aT (t)

1 + aT ∗
− E(t− τ2)I

∗

E∗I(t)
− I(t− τ3)v

∗

I∗v(t)

− 1 + bv(t)

1 + bv∗
− E∗T (t− τ1)v(t− τ1)((1 + aT ∗)(1 + bv∗)

E(t)T ∗v∗(1 + aT (t− τ1)(1 + bv(t− τ1))

]

+ (µ+ δ)E∗

(

− 1 − v(t)

v∗
+
v(t)

v∗
1 + bv∗

1 + bv(t)
+

1 + bv(t)

1 + bv∗

)

+ (µ+ δ)E∗ln
[ T (t− τ1)v(t− τ1)

(1 + aT (t− τ1))(1 + bv(t− τ1))

(1 + aT (t))(1 + bv(t))

T (t)v(t)

]

+ (µ+ δ)E∗ln
E(t− τ2)

E(t)
+ (µ+ δ)E∗ln

I(t− τ3)

I(t)
.9(

ln
[ T (t− τ1)v(t− τ1)

(1 + aT (t− τ1))(1 + bv(t− τ1))

(1 + aT (t))(1 + bv(t))

T (t)v(t)

]

+ ln
E(t− τ2)

E(t)
+ ln

I(t− τ3)

I(t)

=ln
T ∗

T (t)

1 + aT (t)

1 + aT ∗
+ ln

E(t− τ2)I
∗

E∗I(t)
+ ln

I(t− τ3)v
∗

I∗v(t)
+ ln

1 + bv(t)

1 + bv∗

+ ln
E∗T (t− τ1)v(t− τ1)((1 + aT ∗)(1 + bv∗)

E(t)T ∗v∗(1 + aT (t− τ1)(1 + bv(t− τ1))
."�J/�U

dV2(t)

dt
= − e−m1τ1d(T (t) − T ∗)2

T (t)(1 + aT ∗)

+ (µ+ δ)E∗

(

1 − T ∗

T (t)

1 + aT (t)

1 + aT ∗
+ ln

T ∗

T (t)

1 + aT (t)

1 + aT ∗

)

+ (µ+ δ)E∗

(

1 − E(t− τ2)I
∗

E∗I(t)
+ ln

E(t− τ2)I
∗

E∗I(t)

)

+ (µ+ δ)E∗

(

1 − I(t− τ3)v
∗

I∗v(t)
+ ln

I(t− τ3)v
∗

I∗v(t)

)

+ (µ+ δ)E∗

(

1 − E∗T (t− τ1)v(t− τ1)((1 + aT ∗)(1 + bv∗)

E(t)T ∗v∗(1 + aT (t− τ1)(1 + bv(t− τ1))

+ ln
E∗T (t− τ1)v(t− τ1)((1 + aT ∗)(1 + bv∗)

E(t)T ∗v∗(1 + aT (t− τ1)(1 + bv(t− τ1))

)

+ (µ+ δ)E∗

(

1 − 1 + bv(t)

1 + bv∗
+ ln

1 + bv(t)

1 + bv∗

)

+ (µ+ δ)E∗

(

− 1 − v(t)

v∗
+
v(t)

v∗
1 + bv∗

1 + bv(t)
+

1 + bv(t)

1 + bv∗

)

. (5)



468 � ! � } } � 41{O� (5) Xe1d��U
(

− 1 − v(t)

v∗
+
v(t)

v∗
1 + bv∗

1 + bv(t)
+

1 + bv(t)

1 + bv∗

)

= − b

v∗(1 + bv∗)(1 + bv(t))
(v(t) − v∗)2.�>k* x > 0, f(x) = 1 − x + lnx b�>}DX��G f(0) = 0 OShO x = 1.%* T ∗, E∗, I∗, v∗ > 0, �U dV2(t)

dt
≤ 0. %*a#�f�}�X9�U dV2(t)

dt
= 0 OShO T (t) = T ∗, E(t) = E∗, I(t) = I∗ * v(t) = v∗. "�O R0 > 1 }�% Lyapunov-LaSalle,#G.Æ�Gk"(X τ1 ≥ 0, τ2 ≥ 0 * τ3 ≥ 0, J/_ E∗ �\w[mGbX�F��

4 � ����J/kt�x{B�3�\wGbvd �YV�0� λ = 8, d = 0.008, β =

0.012, a = 0.1, b = 0.01, δ = 0.002, µ = 0.4, p = 0.4, c = 0.048, m = 50, n = 0.1, m1 =

m2 = m3 = 0.1. 7{BSJ/Rb<I> [100, 100, 100, 100]. J/�",1X}QkS4XGbvX�b�76 1 S�J/�"}Q0�I> τ1 = τ2 = 5, τ3 = 70,��~RO
R0 < 1, L'J/_ E1 �[mGbX�9(76 2 S�|Y}Q> τ1 = τ2 = 5, τ3 = 20,J/~Ra'J/_ E2 �[mGbX��G ^}Q τ3 X9Q�R0 �0�0h�k*6 3,J/�"X�`�X6<�y8;p�K}Q τ1 = τ2 = τ3 = 0,VU R0 = 1231 > 1,�GOa'J/_�[mGbX��8 R0 ,0� b L��,Æ	 b, �� b �b^J/_XJh (~6 4. 0� b 0J�D6X CD4-T U�:0�0m�oÆ
aXU�*'gU�u0p�M�%* R0 �J* 1, "�Æ
aXU�*'gU�We* 0, M�,:Z* 0, �
>�MR�I'*��0�SI�
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4L � PY�y&�m|P' Crowley-Martin ��ut�V HIV �}9nFau�q 469

0 200 400 600 800
0

20

40

60

80

100

120

time t

 T
(t)

0 200 400 600 800
0

20

40

60

80

100

time t

 E
(t)

0 200 400 600 800
50

100

150

200

250

time t

 I(
t)

0 200 400 600 800
0

2000

4000

6000

8000

10000

12000

time t

 v
(t)

Æ 2 R3 (2a–2b) WzA5�?��!/�	 τ1 = τ2 = 5, τ3 = 20,M�A�5v� R0 = 61.31 > 1.

0 200 400 600 800
0

20

40

60

80

100

120

time t

 T
(t)

0 200 400 600 800
0

20

40

60

80

100

time t

 E
(t)

0 200 400 600 800
100

120

140

160

180

200

220

time t

 I(
t)

0 200 400 600 800
0

2

4

6

8

10
x 10

4

time t

 v
(t)

Æ 3 R3 (2a–2b) WzA5�?��!/�	 τ1 = τ2 = τ3 = 0.	t���!W�_�W5;�:o�M� R0 = 1231 > 1.



470 � ! � } } � 41{
0 200 400 600 800

−200

0

200

400

600

800

1000

time t

 T
(t)

 

 

0 200 400 600 800
−20

0

20

40

60

80

100

time t

 E
(t)

 

 

0 200 400 600 800
−50

0

50

100

150

200

250

time t

 I(
t)

 

 

0 200 400 600 800
−1000

0

1000

2000

3000

4000

5000

time t

 v
(t)

 

 

b=0.01

b=0.05

b=0.2

b=0.01
b=0.05
b=0.2

b=0.01
b=0.05
b=0.2

b=0.01
b=0.05
b=0.2

Æ 4 R3 (2a–2b) WzA5�?��!/�	 τ1 = τ2 = 5, τ3 = 30, I.{X+0W/� b,
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Abstract This paper investigates the global stability of an HIV dynamics model with

discrete delays incorporating Crowley-Martin functional response infection rate. An eclipse

stage of infected cells (i.e. latently infected cells), not yet producing virus, is included in our

model. We consider nonnegativity, boundedness of solutions and global asymptotic stability

of the uninfected and infected equilibria (steady states) by constructing suitable Lyapunov

functionals. We have proved that if the basic reproduction number R0 is less than unite,

then the disease-free equilibrium is globally asymptotically stable, and if R0 is greater than

unite, then the infected equilibrium is globally asymptotically stable. Numerical simulations

have been presented to illustrate the asymptotical stability of equilibrium points by using

Matlab.
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