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w 1 J c � $ U [ v � s X (2.4) O � � X
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(0,0) f e ? K & q f � � K � K Y
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� 3

4 ; 0) 7 ? K & � V G � K � K � _ ' = m A �

f � � K � / < o 3 (1.5) = m A � f � # C� & � 	 # C � 6 \ 3.4.
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8 3 � s X (2.4) O • [

(5) F c = � 7 4 � t Y (2.4) = & � a � Y
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� 3
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2 ; 0
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f e ? K & q f � � K � K Y (0,0) 7 ? K & � V G � K � K � _ ' = m A �

f � � K � R � | o 3 (1.5) = m A � f � # C � & � 	 # C � 6 \ 3.5.

� 3.5 E c = � 7 3 � s X (2.4) O • [

3.2 	 � Gardner-KP � }

= w ^ V t t Y (2.6) \ + P � k * a J = P s X B � \ � B t Y (2.4) _ E � 	 �

Y P A k % � S ? c P \ � � u� [ 6 � 2. � P 	 z ^ h t Y b w � l y =

J (0; 0) = c + 7 ;

J
� 3

4
+

p
8c + 65

4
; 0

�
= � 2c �

65
4

�
3
p
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;

J
� 3

4
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p
8c + 65

4
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+
3
p
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r h2 = H2(0; 0) = 0, � P c P % V � \ � l y M J (2.6) $ w n � � \ ( = � b w ) V

[15]):

(1) F c < � 65
8 4 � t Y (2.6) G = & � � Y (0; 0), R c ? K j q = D T � K � R

� | o 3 (1.5) = j q � � C � 6 \ 3.6.

� 3.6 E c < � 65
8 3 � s X (2.6) O • [

(2) F � 65
8 < c < � 7 4 � t Y (2.6) = j � � Y

�
3
4 +

p
8c+65

4 ; 0
�
, (0; 0) � & �

a � Y

�
3
4 �

p
8c+65

4 ; 0
�
. K Y

�
3
4 �

p
8c+65

4 ; 0
�

P f e ? K & q f � � K � ( ) i = Y

�
3
4 +

p
8c+65

4 ; 0
�

� (0; 0) P j � . G � K � q _ � K (0; 0) P t � �

�
3
4 +

p
8c+65

4 ; 0
�

P >

� s � ? K j n = D T � K � R � | o 3 (1.5) = & q f � # C � j � � # C � j n �

� C � 6 \ 3.7.

� 3.7 E � 65
8 < c < � 7 3 � s X (2.6) O • [

(3) F c > � 7 4 � t Y (2.6) = & � a � Y (0,0) � j � � Y

�
3
4 +

p
8c+65

4 ; 0
�
,

�
3
4 �

p
8c+65

4 ; 0
�
. K Y (0; 0) P f e ? K m & q f � � K � K Y

�
3
4 �

p
8c+65

4 ; 0
�

7 ? K &

� V G � K � K Y

�
3
4 + 1

4

p
65 + 8c;0

�
�

�
3
4 � 1

4

p
65 + 8c;0

�
P f e ? K & n = D T �

K � R � | o 3 (1.5) = & q f � # C � & � 	 # C � & n � � C � 6 \ 3.8.
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� 3.8 E c > � 7 3 � s X (2.6) O • [

w 2 J c � $ U [ v � s X (2.6) O � � X

c O � [ i d � � X � ? � � X

c > � 65
8 ; c 6= � 7 3 (0,0), ( 3

4 + 1
4

p
65 + 8 c; 0), ( 3

4 � 1
4

p
65 + 8 c; 0)

c < � 65
8 1 (0,0)

c = � 65
8 2 (0,0) , ( 3

4 ; 0)

c = � 7 2 (0,0), ( 3
2 ; 0)

(4) F c = � 7 4 � t Y (2.6) = & � � Y

�
3
2 ; 0

�
� & � } > 	 � Y (0,0). K (0; 0) P

t � � ( 3
2 ,0) > � s � ? K j q = D T � K � R � | o 3 (1.5) = j q � � C � 6 \ 3.9.

� 3.9 E c = � 7 3 � s X (2.6) O • [

(5) F c = � 65
8 4 � t Y (2.6) = & � � Y (0,0) � & � } > 	 � Y

�
3
4 ; 0

�
. K (0; 0)

P t � �

�
3
4 ; 0

�
P > �s � ? K j q = D T � K � / < o 3 (1.5) = j q � � C � 6 \

3.10.
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� 3.10 E c = � 65
8 3 � s X (2.6) O • [

4 ( • Gardner-KP � { • � $ � x 

K � ? � T � t Y (2.4) P V & � o 3 � o 3 (2.5), l y 9 , H 5 K � P � # C �

> o 3 (2.5) a X Y

y2 = � (c + 7) u2 � 2u3 � u4 + 2 h1: (4.1)

4.1 h1 = 0

> t Y (2.4) P V & � o 3 � l y X M J

� =
Z

du
y

= �
Z

du
p

� (c + 7) u2 � 2u3 � u4

= �
u

p
� u2 � 2u � c � 7 ln

� 2(
p

� c� 7
p

� u2 � 2u � c� 7� u � c� 7
u

�

p
� u4 � (c + 7) u2 � 2u3

p
� c � 7

; (4.2)

� a � � = x + y + ct: b o 3 (4.2) j � V 4 � ] A � A � X M

2(� 7 � c � u +
p

(c + 7)( u2 + 2 u + 7 + c)
u

= e
�

p
( c +7)( u 2 +2 u +( c +7)) u 2 �

u
p

� u 2 � 2u � c � 7 : (4.3)

$ � l y � * < o 3 y P � � � � @ � X 3 " f $ w z 6 � 6

u = �
4e�

p
� 7� c� (7 + c)

e� 2
p

� 7� c� + 4 e�
p

� 7� c� � 4c � 24
: (4.4)
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$ � l y � * < o 3 U P � � � � @ � X 3 " f $ w 0 6 � 6

2(� 7 � c � u +
p

(c + 7)( u2 + 2 u + 7 + c))
u

=cosh
� p

(c + 7)( u2 + 2 u + ( c + 7)) u2�

u
p

� u2 � 2u � c � 7

�

+ sinh
� p

(c + 7)( u2 + 2 u + ( c + 7)) u2�

u
p

� u2 � 2u � c � 7

�
; (4.5)

� a � � = x + y + ct:

> \ 4.1, l y f { (4.4) 8 & � 	 # C � > \ 3.1 a f { � L P V G � K K Y (0; 0).

� 4.1 E c = � 9; y = 1 3 � s X (2.4) O B (4.4)

4.2 h1 6= 0

> t Y (2.4) P V & � o 3 � l y X M J

� =
Z

du
y

= �
Z

du
p

� (c + 7) u2 � 2u3 � u4 + 2 h1

= �
du

p
(a � u)(b� u)(u � c)(u � d)

;

� (� ) = c +
(c � d)(b� c)sn2(
 1�; k )

(b� d) � (b � c)sn2(
 1�; k )
; (4.6)

� a �

k1 =

s
(b� c)(a � d)
(a � c)(b � d)

; 
 1 =
1
2

p
(a � c)(b � d); (4.7)

a; b; c; d 8 o 3 � (c + 7) u2 � 2u3 � u4 + 2 h1 = 0 P C �
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5 � • Gardner-KP � { • � $ � x 

K � ? � T � t Y (2.6) P V & � o 3 � o 3 (2.7), l y 9 , H 5 K � P � # C �

> o 3 (2.7) a X Y �

y2 = � (c + 7) u2 � 2u3 + u4 + 2 h2: (5.1)

5.1 h2 = 0

> t Y (2.6) P V & � o 3 � l y X M J

� =
Z

du
y

= �
Z

du
p

� (c + 7) u2 � 2u3 + u4

= �
u

p
u2 � 2u � c � 7 ln

�
2(

p
� c� 7

p
u2 � 2u � c� 7� u � c� 7

u

�

p
u4 � (c + 7) u2 � 2u3

p
� c � 7

; (5.2)

� a � � = x + y + ct: b o 3 (5.2) j � V 4 � ] A � A � X M

2(� 7 � c � u +
p

(c + 7)( � u2 + 2 u + 7 + c))
u

= e
�

p
( c +7)( � u 2 +2 u +( c +7)) u 2 �

u
p

u 2 � 2u � c � 7 : (5.3)

$ � l y � * < o 3 y P � � � � @ � X " f $ w z 6 � 6

u = �
4e�

p
� 7� c� (7 + c)

e� 2
p

� 7� c� + 4 e�
p

� 7� c� + 4 c + 32
: (5.4)

$ � l y � * < o 3 U P � � � � @ � X " f $ w 0 6 � 6

2(� 7 � c � u +
p

(c + 7)( u2 + 2 u + 7 + c))
u

=cosh
� p

(c + 7)( � u2 + 2 u + ( c + 7)) u2�

u
p

u2 � 2u � c � 7

�

+ sinh
� p

(c + 7)( � u2 + 2 u + ( c + 7)) u2�

u
p

u2 � 2u � c � 7

�
; (5.5)

� a � � = x + y + ct:

> \ 5.1, l y f { (5.4) 8 & � � � C �> \ 3.6 a # ) U 5 � L 8 = D T � K �

> \ 5.2, l y f { (5.4) 8 & � � # C �> \ 3.7 a # ) U 5 � � a P & � . G �

K K Y (0,0).

> \ 5.3, l y f { (5.4) 8 & � f � # C � > \ 3.8 a # ) U 5 � K Y (0,0) 7 ? K

& � f � � K �
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� 5.1 E c = � 10; y = 2 3 � s X (2.6) O B (5.4)

� 5.2 E c = � 8; y = 2 3 � s X (2.6) O B (5.4)

5.2 h2 6= 0

> t Y (2.6) P V & � o 3 � l y X M J

� =
Z

du
y

= �
Z

du
p

� (c + 7) u2 � 2u3 � u4 + 2 h2

= �
du

p
(a � u)(b� u)(u � c)(u � d)

;

� (� ) = c +
(c � d)(b� c)sn2(
 1�; k )

(b� d) � (b � c)sn2(
 1�; k )
; (5.6)

� a

k2 =

s
(b� c)(a � d)
(a � c)(b � d)

; 
 2 =
1
2

p
(a � c)(b � d); (5.7)

a; b; c; d 8 o 3 � (c + 7) u2 � 2u3 + u4 + 2 h2 = 0 P C �
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� 5.3 E c = � 6; y = 2 3 � s X (2.6) O B (5.4)

6 � �

� j G : ^ h t Y P s X b w M J m � ? # F ) A c P (2+1) g GKP o 3 J = �

# C P s X � \ � � d : R � s X � \ M J ) A � 7 P J = � # C � � a � ] 	 # C �

f � # C � � # C � � � C � R � @ � X � b  M � . x H P p b { � = & \ P � i �

w & & l y 9  M $ � d : ^ h t Y P s X b w C S � x H P p } � " " o 3 �

, � v Q b � | 
 . •  b � j O 5 P = , 8 - �

z � � �
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Bifurcation and Exact Travelling Wave Solutions

for Gardner-Kadomtsev-Petviashvili Equation
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Abstract In this paper, we consider the exact travelling wave solutions of the Gardner-

Kadomtsev-Petviashvili equation, which has widespread applications in physics. With the

bifurcation theory of dynamical systems, we �rst get all bif urcations and phrase portraits

of the equation and then by discussing the range of the parameter exact parametric rep-

resentations of all wave solutions are given, including solitary wave solution, periodic wave

solution, kink (anti-kink) wave solution and breaking wave solution.
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kink (anti-kink) wave solution; Gardner-KP equation
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