
k 41 � k 2 w l r ? E E � Vol. 41 No. 2

2018 l 3 � ACTA MATHEMATICAE APPLICATAE SINICA March, 2018

b�`~�^
ioe�w�	����j�0,/ †

(�v.XPF1
.AF��EA 310023)

(�vÆ0F�02ZH&�EA 310053)

(E-mail: liguojun@zjjcxy.cn)*+. -21
(�vÆ0F�02ZH&�EA 310053)

(E-mail: chendongjie@zjjcxy.cn; hanyishi@zjjcxy.cn)� Æ �}�DqUD�#/�����Z,�v��n�#6=���d�|�3gY�VFZ;Z+8(QI���(Q>�8�_>�HQ�1d;��&�?Z+8(Q��;�>�8��
�`}$ne';�`Z;DQ�1�Z�;DQ�1d;�+Zq=_O�zK�*�Z;DQ�1d;��_J,k�W:&�MvDQ�1dq	;��!�Mv;�+Z�Z"%td$neq=�WO�_>Æ�I4Q�?MVI�dv)8�kna �3gY�qUD�#/�v%h�6:� Step-by-step ;�
MR(2000) ��gs 93E35��gs O212.7

1 �
�n*�uy�6j\���[&2�[|���&2h
[g:�ms��6j\�fgM�^
>x&2G}g\#M��o [1,2], i{�&2�AG��/�dJ[`_�/6jh?�G}Gjg3� [3]. ���6j\g&2?B9�\-:�
tx>U�N|\-:�2&�6j\�f9g%#W6j\a?"Rog-\j5O`b\#JSY�b\#:G [4,5].�~ 2017 m 5 � 10 �7_�2017 m 12 � 12 �7_<� �
† `H[��



2w 0<��:w��AZ.�RvDQ�1d�|�3gY�
Z+8(Q 157

210iE�Q>gM���75Ls Lyapunov
	YILo�
	*���6j\g\-:�X [6,7]. 	xg��CU8Fgy2iy�f [8], b}��*��gG��+8F�~�y�6j\�f [9−11]. [12] ��x�9aNjov�4gx&�6j\�f(��uSg!&�C&2� [13] M��xG^�g!:�6j\�fg\-:�X�"uymsy��&2� [14] M���6j\uS�f�9BI.�<<JS�g\-:�"�^�<<JS�\-tNoggVJ�A"h� [15] 3s�/n~�4 dJ	�x*k'��6j\�f\-:g8;Hz�"�yy!:�6j\�N��!:�6j\,d&2� [16] I [17] 
2�E!
uSI_Q�fg
	(����!:�6j\g\-:&2�rVG�&2 (Iterative learning control, p< ILC) 3sy�x��o\>�,\g6J�y&2D#2OLrVB3s�f+T	4%~=�&2:����:G*=�
?�LrV`P��fj5O`�b(	4+T [17,18]. uy dpW��!dJ>(�"*�%>U a�f�\_4g�(��j(���fg&2�hK�[|�&2�T/?B&2`_5r!k/?B&2h6J
`ms�"�rVG�&2j5(�D	4+T�hK\+G��+�srVG�&2g
	*���6j\g\-:+T�X��� [19 − 20] y	j3srVG�&2
	����6j\�fg\-:+T�X��ms ILC 
	%�U�XLgE+v{	4hyD�Y��(g9%!jY`�hK�<K!gU�W�2� ILC gms�x��xES	4g^s�(��&v�o�g�	4+T�L�G�yY�Q>xdg/\ [22−32], "
`\+xdg�Q�
[22] 3srVG�&2
	(��.�I9B�fg\-:+T�"sE+=�
	���E+JS	4�YK
	%3sy�~�6j\�f� [31] 3sESG�g
	�(���g7�6j\g\-:+T���\-Tx�b	4gCM4�*AT%�v�6j\�f� [32] (sLÆ-PIG�-P�(���6j\g\-:+T�Y�9
	W%j���~�6j\g\-:+T�X�����TxE+JS	4g�~�6j\�f�a? step-by-step =�
	=�JS	4�"�E�~^A2G(���6j\g\-:+T�|^x*���"����J	%>U�7ESG��hx�(g&2?B9�"%2XLrVyjO`G�gU�����J	\��\<0g&2D#` step-by-step &2
	�XP�a?AP��R���J	gx*:�
2 ��_|�N�[g�6j\�f����f�C ma #6j\�







ẋi
j,k(t) = xi+1

j,k (t), i = 1, 2, · · · , n − 1,

ẋn
j,k(t) = Axn

j,k(t) + Buj,k(t),

yj,k(t) = Cx1
j,k(t),

(1)



158 k q > D D � 41�y9�t ∈ [0, T ]2x�%o	A ∈ Rms×ms ; B ∈ Rms×r (r ≥ ms); C ∈ Rs×ms ; k = 1, 2, · · ·�-rVLA	 xi
j,k(t) ∈ Rms (i = 1, 2, · · · , n, j = 1, 2, · · · , ma) �-l j #6j\l kLrVgJS	 uj,k(t) ∈ Rr; yj,k(t) ∈ Rs � 2l j #6j\g:�&>I:G&>

(}<�>"m!`p.x xi
j,k, uj,k, yj,k). yd(t) ( p.x yd) 2&vgxv;℄� xi

d(t) ("mp.x xi
d) 2&vgxvJS� ej,k(t) = yd − yj,k �-l j #6j\gl k L:G	4 (ej,k(t) p.x ej,k).v


ej1,j2,k(t) = yj1,k − yj2,k = (yd − yj2,k) − (yd − yj1,k) = ej2,k − ej1,k. (2)M�[gv
! � ej1,j2,k(t) (p.x ej1,j2,k) �- j1 #6j\Il j2 #6j\g"�	4��=<#6j\"C�
V��6j\�7?B9� ej1,j2,k �(��6j\g\-:+Tu{`>U\s�Hp��6j\�fU�*�x\#6j\j5{8`xv;℄ yd g2G��6j\�fg ma #6j\4>\#uSovj�lv G = (V, Ξ, Λ) �-Kx&j� V (G) 2so^"� V (G) = {v1, v2, · · · , vma
}, y9 vj �-l j #6j\� Ξ(G)2�^J��=l j1 #6j\j5"{Ml j2 #6j\{8`2G�
V (vj1 , vj2) ∈

Ξ(G) ⊆ V (G) × V (G). ℵj = {j : (vj , vi) ∈ Ξ(G)} �-so vj gC{o^J�j G gC{�� Λ = [aij ] ���
,v
��= (vj1 , vj2 ) ∈ Ξ(G), 
V aij > 0; �
 aij = 0,

aij > 0 bzL6j\ i I6j\ j !ox2ÆwJ�"�a8�(�v
 aii = 0. j
G g Laplacian �� LG v
x� LG = ∆ − Λ, y9 ∆ = diag {∆11, ∆22, · · · , ∆mama

, }

(diag �-�x�), � ∆ii =
m∑

j=1,j 6=i

aij . �=x�gsoAA vj1 , vj2 , · · · , vji
g�b<#"Cgso!ox\^� (` (vjk−1

, vjk
) ∈ Ξ(G), k = 2, 3, · · · , i), 
<KsoAAx

vj1 ` vji
g\^M����9g�6j\�f%	�C ma #6j\U�)\#?kG^��"�x'�6j\j5{"{8`?kG^��Gg2G��<�5��s�� S \<?kG^�I%W6j\!og7��� S = diag {s1, s2, · · · , sma

}, y9�=6j\ i j5"{`?kG^��Gg2G�
V si > 0, �
 si = 0.mz 1 E+JS xi
j,k(0) 2a#6v$�W�2C� e

(i−1)
j,k (0), i = 1, · · · , n �XLrV%$"b�"�JS xi

j,k(t) !.�
3 r�xyl��g��2 d\#&2J	�)
�6j\�fgX\#6j\�&v%ofyj+T�xv;℄�xK��YWG�[g&2O�

uj,k+1(t) =uj,k(t) + Γ
[

sje
(n)
j,k (t) + ajr

∑

r∈ℵj

e
(n)
r,j,k(t)

+ sjΘn(t)e
(n−1)
j,k (0) + ajrΘn(t)e

(n−1)
r,j,k (0)
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+ sj

n−1∑

i=1

Θi(t)e
(i−1)
j,k (hi,1)

+ ajr

∑

r∈ℵj

n−1∑

i=1

Θi(t)e
(i−1)
r,j,k (hi,1)

]

, (3),9� Γ x&2�d� ℵj �-6j\ j gC{o^J� sj ∈ S, ajr ∈ Λ xj G g��d�"�
hi,1 = 2n−i−1tp,

Θi(t) =







0, t ∈ [0, hi,1),

hiθi, t ∈ [hi,1, hi,2),

0, t ∈ [hi,2, T ]),

Θn(t) =

{ 6

t3p
t(tp − t), t ∈ [0, tp),

0, t ∈ [tp, T ),

(4)

y9� tp 2��&vg%o8>�
hi,2 = 2 ∗ hi,1,

hi =
2

(hi,1)4(N−i)+2

[2(N − i) + 1]!

((N − i)!)2
,

θi = [tN−i(t − hi,1)
2(N−i)+1(hi,2 − t)N−i](n−i).

(5)�,9g N > n x&vg��A� (n − i) �-l n − i ~^A�M�,9!`�G θi2 tN−i(t − hi,1)
2(N−i)+1(hi,2 − t)N−i g n − i ~^A�&2O9gDA Θi(t) �8U �8y Θi(t), x�[gv/>5�dt 1 �y�b\# Θi(t), [\���UU t0 ∈ [hi,2, T ] %�x

Iq =

∫ t0

0

· · ·

∫ tq−1

0
︸ ︷︷ ︸

q

Θi(tq) dtq · · · dt1

=

∫ hi,2

hi,1

· · ·

∫ tq−1

hi,1
︸ ︷︷ ︸

q

Θi(tq)dtq · · · dt1 (6)

=

{
1, q = n − i + 1,

0, 0 < q < n − i + 1.



160 k q > D D � 41�3 1) q = n − i + 1.

Iq =

∫ hi,2

hi,1

· · ·

∫ tq−1

hi,1
︸ ︷︷ ︸

q

Θi(tq) dtq · · · dt1

=

∫ hi,2

hi,1

hit
N−i
1 (t1 − hi,1)

2(N−i)+1(hi,2 − t1)
N−i dt1.e µ = t1 − hi,1, 


Iq =

∫ hi,1

0

hi(µ + hi,1)
N−iµ2(N−i)+1[hi,1 − µ]N−i dµ

=
hi

2

∫ hi,1

0

(h2
i,1 − µ2)N−iµ2(N−i) d(µ2)

v=µ2,H=h2

i,1

=
hi

2

∫ H

0

(H − v)N−ivN−idv

v=w+H
2=

hi

2

∫ H
2

−H
2

((H

2

)2

− w2
)N−i

dw

w= H
2

sin α
= hi

(H

2

)2(N−i)+1
∫ π

2

0

(cosα)2(N−i)+1dα.v

I2(N−i)+1 =

∫ π
2

0

(cosα)2(N−i)+1 dα,
x�
I2(N−i)+1 =

∫ π
2

0

(cosα)2(N−i)d sinα

=[sinα(cosα)2(N−i)]
π
2

0 − 2(N − i)

∫ π
2

0

(cosα)2(N−i)−1 sin2 αdα

= − 2(N − i)

∫ π
2

0

(cosα)2(N−i)−1 sin2 αdα

=2(N − i)I2(N−i)−1 − 2(N − i)I2(N−i)+1.hK�
I2(N−i)+1 =

2(N − i)

2(N − i) + 1
I2(N−i)−1

=
2(N − i)

2(N − i) + 1
·
2(N − i − 1)

2(N − i) − 1
· · ·

4

5
·
2

3
,N`x Iq = 1.

2) 0 < q < n − i + 1.
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`�[g�O,�
Iq = hi

[
tN−i(t − hi,1)

2(N−i)+1(hi,2 − t)N−i
](n−i−q)∣

∣
hi,2

hi,1
= 0.N`�Q>5����� 1 �#v/�^�X\# Θi(t) DA��
? n− i+1L\�`Px-FyTCDAg\s��(g9�TCDA2%N�g�hKs�T\#DA*V℄TCDA���9<�<&2|x step-by-step =�&2|�hx�<&2|� tp %"r>=�6j\ j gJS xn

j,k g	4�� 2(n−i)tp %"r>=� xi
j,k g	4�`K-l��

2(n−1)tp %"=�FJS x1
j,k g	4�W�2C��f� 2(n−1)tp %"r
+T�xv;℄�x��yP[g8;:���(s�[g5,*\<�f (1). ��<\<
,��X\#6j\gJS
By�C�y9�







ẋi
k(t) = xi+1

k (t), i = 1, 2, · · · , n − 1,

ẋn
k = (Ima

⊗ A)xn
k + (Ima

⊗ B)uk(t),

yk(t) = (Ima
⊗ C)x1

k(t),

(7)y9�Ima
2ma ygW{��xi

k(t) = [(xi
1,k(t))T , (xi

2,k(t))T , · · · , (xi
ma,k(t))T ]T ∈ Rma∗ms ,

uk(t) = [uT
1,k(t), uT

2,k(t), · · · , uT
ma,k(t)]T ∈ Rma∗r, yk(t) = [yT

1,k(t), yT
2,k(t), · · · , yT

ma,k(t)]T ∈

Rma∗s, ⊗ �- Kronecker \�b%�u&2O (3) �>�[g\<
,
uk+1(t) =uk(t) + (L + S) ⊗ Γe

(n)
k (t)

+ Θn(t)(L + S) ⊗ Γe
(n−1)
k (0)

+

n−1∑

i=1

Θi(t)(L + S) ⊗ Γe
(i−1)
k (hi,1)]. (8)

4 {u�h��\�L>���6j\�f (7) �ms&2O (8) `Pg8;:����!}i� [24] 9gv
Ii/�d� 1 DA x(t), t ∈ [0, T ] g λ 
A ‖x(t)‖λ ���
,v
�
‖x(t)‖λ = sup

t∈[0,T ]

e−λt‖x(t)‖, λ > 0, (9)y9� ‖ · ‖ 2�`�
,v
ga<
A��= Z(t) 2\# n y&>"� Z(t) =

(z1(t), · · · , zn(t))T , 
V ‖Z(t)‖ = max
1≤i≤n

| zi(t) |; �= Z(t) 2\#��DA"� Z(t) =

{zij} ∈ Rm×n, 
V ‖Z(t)‖ = max
1≤i≤m

( n∑

j=1

| zij(t) |
)
. 8y λ 
A�x�[gi/�
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sup
t∈[0,T ]

(

e−λt

∫ t0

0

· · ·

∫ tp−1

0
︸ ︷︷ ︸

p

‖Z(tp)‖ dtp · · · dt1

)

≤
1

λp
‖Z(tp)‖λ.�t 2  aA bk UU�A^s�

bk ≤ ρbk−1 + q.�= 0 ≤ ρ < 1, 
V
lim

k→∞
| bk |≤|

q

1 − ρ
| .��WGg&2O (8) 9�i��E+=�DA Θi(t), 8yE+=�x�[gv/�dt 2 �=E+JS26vx�$�"�

‖Imams
− (L + S) ⊗ CBΓ‖ < 1, (10)
V step-by-step =�&2O (8) j5��6j\�f (7) +T�xv;℄�"���o t ∈ [2n−1tp, T ] ��j5O`\-:+T�3 x�
�;.�e

∆uk(t) = uk+1(t) − uk(t),

xi
k = xi

k(t),

∆xi
k = xi

k+1(t) − xi
k(t),

y
(i−1)
m,d (t) = (y

(i−1)
d (t)T , y

(i−1)
d (t)T , · · · , y

(i−1)
d (t)T )T

︸ ︷︷ ︸

ma

,

xi
m,d(t) = (xi

d(t)
T , xi

d(t)
T , · · · , xi

d(t)
T )T

︸ ︷︷ ︸

ma

.�&2O (8) g\s��[ t ∈ [0, 2n−1tp], lv;℄
y
(n−1),∗
m,d (t) =y

(n−1)
m,d (t) − (Ima

⊗ I1)e
(n−1)
k (0)

+

n−1∑

i=1

∫ t

0

Θi(t1)(Ima
⊗ I1)e

(i−1)
k (hi,1) dt1

+

∫ t

0

Θn(t1)(Ima
⊗ I1)e

(n−1)
k (0) dt1 (11)!(� (y9� I1 xJ3yAgW{�), `[�f (1) N�6vE+q4 x

(n−1),∗
d (0) 6=

x
(n−1)
d (0) %�N�&2> u∗

d(t) )
:Gx y
(n−1),∗
m,d (t), "mg	4ex e

(n−1),∗
k (t) =

y
(n−1),∗
m,d (t) − y

(n−1)
k (t).
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`
xn

k+1(t) − xn
k (t)

=[ẋn
k+1(0) − ẋn

k (0)] +

∫ t

0

[ẋn
k+1(t) − ẋn

k (t)] dt1

=

∫ t

0

(Ima
⊗ A)(xn

k+1(t) − xn
k (t))dt1 +

∫ t

0

(Ima
⊗ B)∆ui,k(t1)dt1

=

∫ t

0

(Ima
⊗ A)(xn

k+1 − xn
k )dt1 +

∫ t

0

[(L + S) ⊗ BΓ]e
(n)
k (t1)dt1

+

∫ t

0

Θn(t1)[(L + S) ⊗ BΓ]e
(n−1)
k (0)dt1

+

n−1∑

i=1

∫ t

0

Θi(t1)[(L + S) ⊗ BΓ]e
(i−1)
k (hi,1)dt1. (12)'�\�1,x

∫ t

0

[(L + S) ⊗ BΓ]e
(n)
k (t1) dt1

=[(L + S) ⊗ BΓ]e
(n−1)
k (t) − [(L + S) ⊗ BΓ]e

(n−1)
k (0). (13)u, (13) V�, (12), !


xn
k+1(t) − xn

k (t)

=

∫ t

0

(Ima
⊗ A)(xn

k+1 − xn
k )dt1 + [(L + S) ⊗ BΓ]e

(n−1)
k (t)

− [(L + S) ⊗ BΓ]e
(n−1)
k (0) +

∫ t

0

Θn(t1)[(L + S) ⊗ BΓ]e
(n−1)
k (0)dt1

+

n−1∑

i=1

∫ t

0

Θi(t1)[(L + S) ⊗ BΓ]e
(i−1)
k (hi,1)dt1.��,<{b%?`�� C, uy e

(n−1)
k (t) = y

(n−1)
m,d (t) − yk(t) = e

(n−1),∗
k (t) +

y
(n−1)
m,d (t) − y

(n−1),∗
m,d (t), V� e

(n−1)
k (t), "Tp!


e
(n−1),∗
k+1 (t) = −

∫ t

0

(Ima
⊗ CA)(xn

k+1 − xn
k )dt1

+ (Imams
− [(L + S) ⊗ CBΓ])e

(n−1),∗
k (t).��,� λ 
A"Tp!


‖e
(n−1),∗
k+1 (t)‖λ

≤
∥
∥
∥ −

∫ t

0

(Ima
⊗ CA)(xn

k+1 − xn
k )dt1

∥
∥
∥

λ

+ ‖Imams
− (L + S) ⊗ CBΓ‖‖e

(n−1),∗
k (t)‖λ.
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A��= λ U5Q�'� i/ 1 I 2 ! �
lim

k→∞
‖e

(n−1),∗
k+1 (t)‖λ = 0, (14)W�2C�� [0, 2n−1tp] � ‖e

(n−1),∗
k+1 (t)‖ \-8;y 0.'� Θi(t) I e

(n−1),∗
k+1 (t) gv
! �[ t = 2n−itp, i = 1, 2, · · · , n %�x

lim
k→∞

‖e
(n−1)
k+1 (t)‖ = lim

k→∞
‖e

(n−1),∗
k+1 (t)‖ = 0. (15)� 2 M�[gl^?B9! �� [0, tp] ���f (7) (g�7;℄g n− 1 ~^A�2 y

(n−1),∗
m,d (t).`K-l�[ t ∈ [hi,1, 2

n−1tp] "� 1 ≤ i ≤ n − 1 %�
xi

k+1(t) − xi
k(t) = Ω + ω1 − ω2 + ω3 + [(L + S) ⊗ BΓ]e

(i−1)
k (t). (16),9�

Ω =

∫ ti−1

hi,1

· · ·

∫ tn−2

hi,1
︸ ︷︷ ︸

n−i

∆xn
k (hi,1)dtn−1 · · · dti + · · ·

+

∫ ti−1

hi,1

∫ ti

hi,1
︸ ︷︷ ︸

2

∆xi+2
k (hi,1)dti +

∫ ti−1

hi,1
︸ ︷︷ ︸

1

∆xi+1
k (hi,1)dti
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Abstract In this paper, the problem of how to control the high-order multi-agent systems

is considered by iterative learning method. During the process of tracking, the consistency

tracking is realized after rectifying the initial state errors. In the process of rectifying, the

systems only rectify a type of the state errors within a certain interval. When this type of

state errors rectifying operation is completed, the systems begin to rectify another type of

state errors, and so on. All the initial state errors can be completely rectified, and all the

rectifying operations are completed within a specified time. Finally, the simulation results

verify the effectiveness of the proposed algorithm.
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