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�&��x�,kb5v��#�Li1d)#�{1�1dV�M4Llp1d"S
M�8%i��,%V�$iI	\�2005 =Müller) StadtMüller[7]<��1�:�Vwrxl��
#�Li1d� 2008 = Ait-Säıdi[8] W���LE##�1d)��X5'mwr�I�B�#�)�Z#�	 2011 = Chen[9] W�xl�LE##�1d)VD1d|2QkE#1d	/�s�#�d\"� D�V{#�d\"�VX0b�� 2010 = Li[10] WU���
�1�LE#1d	
2010 = Yao ) Müller[11] V#�Li1d(�Q
DV#�kUt1d�

Yi = α +

∫

T

γ1(s)X
c
i (s) ds + · · · +

∫

T p

γp(t1, · · · , tp)Xc
i (t1) · · ·Xc

i (tp) dt1 · · · dtp + εi, (1.1)DL�E(εi|Xi) = 0, α x^m�γj , 1 ≤ j ≤ p/\ j℄B�#�	Xc
i (s) = Xi(s)−µX(s)/L`2V$4\ =�B�#�N`x�1�wy?V	Yao ) Müller[11] S~xl�#�mE1dV�I7�	

2009 = Shin[12] v��/~#�Li1d
Yi = Z⊤

i θ +

∫ 1

0

β(t)Xi(t) dt + εi, (1.2)DL β(·) xMP [0, 1] _V�wy?#�	 Shin[13] �� Karhunen-Loève2txl�1d (1.2) V�I
C�$iI	l-mKf8L�Q�"�+fLiZ����Z{#�d�o�lH{LiZ����Z#�d�o	�69,���D-V/~Li#�kUt5�1d
Yi = Z⊤

i θ +

∫

T

γ1(t)X
c
i (t) dt+ · · ·+

∫

T p

γp(t1, · · · , tp)Xc
i (t1) · · ·Xc

i (tp) dt1 · · · dtp + εi, (1.3)DL Zi x q-0{#�d\"��εi ∈ R1 xb�%~,V�>;6H%_ E(εi |Xi, Zi) =

0. FV�1d (1.1) ) (1.2) x1d (1.3) V��Kf	g1d (1.3), \��!V{#�d\"�,k�5(�g6Z\"�gg"�p/x�~V�%i�-#�kUt/~�9,�-�Zk~p/kUtLO~V℄V7�	�\�\��
�℄kUt8�_�s�5��B�9,A.n2�
wr8�4�m℄:
�V℄8�/"+I	/�%imH6ÆM3#�9,����
_V1d�4wr	�6VS~�Ix�~E�9,���/~Li#�kUt1d���!�#�Li1d�#�kUt1d)/~#�Li1db/��Kf	\m�9,����
_V1d�4wr��8%i�4�O~V{#�d\"�)#�kUtLO~V℄	�6Vb�\D�-\m/~�9,da�1d�4wr	-\^/~�9,U����V1d�4wrV�$b�	-\
/~�9,����Z1:b�	-\:/~�9,��
m�~==m�9,��Vwr���V=.y-\�/~	
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2 
{�h
2.1 �%n��N` {(Xi, Zi, Yi)i=1,···,n} x {(X, Z, Y )i=1,···,n} LVb�%~,�4�DL Yi ∈ R1/Q�"��Zi ∈ Rq x q 0\"��Xi x L2(T )L��1�s#� EXi(s) = µX(s))\w6#� cov(Xi(s1), Xi(s2)) = GX(s1, s2) V�>#�	�o Karhunen-Loève 2t�
Xi 8%u/

Xi(s) = µX(s) +

∞∑

j=1

ηijφj(s), (2.1)DL ηij x%_ E(ηij) = 0 ) var (ηij) = νj V+N�V�>"�� φj x;XV�9#�n�� νj x GX(s1, s2) V�9D	���9#��:��
+�V<#�zP��1dLVB�#��8%u:
γj(t1, · · · , tj) =

∞∑

k1,···,kj=1

bk1,···,kj φk1
(t1) · · ·φkj (tj), (2.2)DL (bj1,···,jp)j1,···,jp=1,2,··· %_ ∑

j1,···,jp

bj1,···,jp < ∞.V (2.1) ) (2.2) K℄ (1.3) )���9#�V;Xi�1d (1.3) 82Q/
Yi = Z⊤

i θ +

p∑

j=1

U⊤
i,jβj + εi, (2.3)DL�

β1 = (b1, · · · , bK)⊤,

β2 = (b1,1, b2,1, b2,2 · · · , bK,K)⊤, · · · , βp = (b1,1,···,1, · · · , bK,K,···,K)⊤,

Ui,1 = (ηi,1, · · · , ηi,K)⊤,

Ui,2 = (ηi,1ηi,1, ηi,2ηi,1, ηi,2ηi,2, · · · , ηi,Kηi,K)⊤, · · · ,
Ui,p = (ηi,1ηi,1 · · · ηi,1, · · · , ηi,Kηi,K · · · ηi,K)⊤.DB� K xS:~V
��g K VpO�9,y
p�X5z=r:1 -BIC wr�9,-1:L0�-5�-C__1S Yao[5] W	

2.2 5-

z5-n�n�}�jvm_�9,3+8�� (2.3)b(e�Æ/ (2.3)L#�S:~S~ ηij x2>V	9,�l~E�I#�S:~S~� ηij V�Iy
��#�S:~~=wrSQ�g6��I=n�1S [5]. <��IV#�S:~S~�yS�
Ûi1 = (η̂i1, · · · , η̂iK)⊤,

Ûi2 = (η̂i1η̂i1, η̂i2η̂i1, η̂i2η̂i2, · · · , η̂iK η̂iK)⊤,
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...

Ûip = (η̂i1η̂i1 · · · η̂i1, · · · , η̂iK η̂iK · · · η̂iK)⊤./�QL�9,`
�Ω1 = {1, · · · , p}) Ω2 = {1, · · · , q}. -6�/~�9,���
�4=nPo'
DÆ
�+� A = {j : ‖γj‖ 6= 0} ) B = {k : |θk| 6= 0}. V�Q� U⊤
i,jβjN��#�kUt/~V\ j U�0o'�+ A WO�o'�+ {j : ‖βj‖ 6= 0}. /�%io' A ) B, 9,v�
DV3##�

Q(β, θ) =

n∑

i=1

[Yi − Z⊤
i θ −

p∑

j=1

Û⊤
ij βj ]

2 +

q∑

l=1

µk|θk| +
p∑

j=1

cjλj‖βj‖

≡L(β, θ) +

q∑

l=1

µk|θk| +
p∑

j=1

cjλj‖βj‖, (2.4)DL λj (j = 1, · · · , p), µk (k = 1, · · · , q) x�11�� cj (j = 1, · · · , p) xgT JWV�
__��
QLVp/x cj = |βj |1/2 (|βj | %u βj L%�V
�). `W2_-V3##� Q(β, θ), 9,y
9S agLasso �I β̂j ) aLasso �I θ̂k.�x� γl(t1, · · · , tl), 1 ≤ l ≤ p V�I γ̂l(t1, · · · , tl), 1 ≤ l ≤ p 8%u/�
γ̂l(t1, · · · , tl) =

K∑

j1≤···≤jl

b̂j1,···,jl
φ̂j1(t1) · · · φ̂jl

(tl), 1 ≤ l ≤ p. (2.5)

2.3 w~g�)0/�Bg_��4�9,�lpOENV�11� λj (1 ≤ j ≤ p)) µk (1 ≤ k ≤ q).��\ [13–15] V	O�9,0�Dt}p/�11�
λj =

λn

‖β̃j‖
, µk =

µn

|θ̃k|
,DL β̃ = (β̃⊤

1 , · · · , β̃⊤
p )⊤ ) θ̃ = (θ̃1, · · · , θ̃q) x2�>oV`Wm;�I�0&}V�11�VpO7�X2/�
m01� (λn, µn) VpO7�	� df x β̂ LV{�B�	9,v��
DÆ
p/#Y}pO (λn, µn):

AIC = log σ̂2
n +

2

n0
df, BIC = log σ̂2

n +
log(n0)

n0
df,DL

σ̂2
n =

1

n0

n∑

i=q+1

[
Yi − Z⊤

i θ̂ −
p∑

j=1

Û⊤
ij β̂j

]2

,01� (λn, µn) 8�`W2 AIC, BIC ggp/	
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3 �Æ&3/�=.�IVN+i)1d�4VN+i�9,EdaE
!T�

(a) Xi ��

℄m�D� ∫
E(Xi)

4 < ∞.

(b) G-;7� C ) α > 1, %_� νk − νk+1 ≥ C−1K−α−1, DL {νj}j=1,2,··· x XV\w6#�V�9D	
(c) n−1K3α+3 → 0.

(d) `
� Ui = (U⊤
i,1, · · · , U⊤

i,p)
⊤, Wi = (Z⊤

i , U⊤
i )⊤, W = (W1, · · · , Wn). �`


ρmin(W
⊤W ) / W⊤W V`W�9D	9,k~� ρmin(W

⊤W ) = Op(K
−α).

(e) Nd ∑
j∈A

c2
jλ

2
j = o(K5α+2) H ∑

k∈B

µk = o(K5α+2).

(f) |bk1,···,kl
| ≤ C(k1 × · · · × kl)

−α/l, l = 1, · · · , p.

(g) n
1/2

K−2α−2 inf
j∈Ac

cjλj → ∞ H n
1/2

K−2α−2 inf
k∈Bc

γk → ∞.7 1 !T (a) x#��o~=LV�
;0!T	!T (b) k~N�V�9D�6+x�W��Æ!Z*
 νk ~J��
7�;
 k−α, 9,k~6
!T}SQ
φ̂j(t) − φj(t) ) η̂j − ηj , j = 1, · · · , K V
	!T (d) ��� [16]. /�SQ�IVN+i�9,k~!T (e), !T (f) Æ!ZB� bk1,···,kl

)2	!T (g) x/�S�1d�4VN+i	D-�9,��1d�4wrV�$iI	`� 1 U���IVN+i�`� 2 U��1d�4VN+i���V=.y-\�/~	o� 1 Nd (a)–(f):��9,��‖γ̂j −γj‖ = op(1), j ∈ Ω1, θ̂k−θk = op(1), k ∈ Ω2.`
� Ân = {j : ‖γ̂j‖ 6= 0} ) B̂n = {j : |θ̂k| 6= 0}.o� 2 Nd (a)–(g) :��9,�� P (Ân = A) −→ 1, P (B̂n = B) −→ 1.d 1 � 1 U0
�3a�{�� vq !�o. jSs\Uo. 0
o.U:R 
O C U O C U C

I

100
BIC

AIC

0.1200

0.2525

0.8800

0.7475

0.0000

0.0000

0.3050

0.3100

0.6950

0.6900

0.0000

0.0000

0.6250

0.5525

200
BIC

AIC

0.1300

0.2800

0.8700

0.7200

0.000

0.000

0.2450

0.2650

0.7550

0.7350

0.0000

0.0000

0.6650

0.5575

400
BIC

AIC

0.0625

0.2100

0.9375

0.7900

0.0000

0.0000

0.2525

0.02725

0.7675

0.7225

0.0000

0.0000

0.7475

0.6025

II

100
BIC

AIC

0.4425

0.5925

0.5575

0.4075

0.0000

0.0000

0.2825

0.3050

0.7175

0.6950

0.0000

0.0000

0.4325

0.4125

200
BIC

AIC

0.4225

0.5175

0.5775

0.4825

0.000

0.000

0.2425

0.2475

0.7575

0.7525

0.0000

0.0000

0.4425

0.4125

400
BIC

AIC

0.4125

0.4950

0.5825

0.5050

0.0000

0.0000

0.2475

0.2625

0.7825

0.7375

0.0000

0.0000

0.4800

0.4000
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4 ��*�/�AO��VwrV�J|�%H�9,a��Z1:xl	/�A�1d�4V%H�9,I��- 200 E1:L;S:+ (D�4�8;V1d�J/ ‘C’), G:+
(DF`�
O~VkUtV℄�/"J/ ‘U’) ) ~:+ (F`�
k�VkUtV℄��!g1dL}�J/ ‘O’) V�~�	/�A�$4V%H�9,O|�� n ~'/ 100, 200 ) 400 V|�/u
|��~'I�0� BIC #Y) AIC #Yp/�11�iSQV�I) oracle �I (D<�8mV1d�J/ ‘OE’), 2�>oV�I (D<�Q1d�J/ ‘UE’). V-�O|��/ 100 V|�b/4z|��~'I��_m 4 
wrVNg$4;6 (RPE)

RPEi = (Yi − Ŷi)
2/Y 2

i ,V 25%, 50% ) 75% ~3℄�DL� Yi ) Ŷi ~'/4z|�V8mD)$4D	-6�/~�9,v�#�d�o�D� =�f:
Xi(s) =

2∑

j=1

ηijφj(s),DL� φ1(s) = −
√

2 cos(2πs), s ∈ [0, 1], φ2(s) =
√

2 sin(2πs), s ∈ [0, 1]. ηij F;�~,
N(0, λj) f:�DL� λ1 = 1, λ2 = 1/2. g*
 =V�4�9,- [0, 1] MPLWq�VpO 50 
℄� (Zi1, · · · , Zi7)

⊤ �sD/ 0 \w6/ cov (Zij1 , Zij2) = 0.5|j1−j2|, 1 ≤
j1, j2 ≤ 7 Vk%;�~,f:	d 2 � 2 U0
�3a�{�� vq !�o. jSs\Uo. 0
o.U:R 

O C U O C U C

III

100
BIC

AIC

0.1475

0.2650

0.8525

0.7350

0.0000

0.0000

0.2850

0.3000

0.7150

0.7000

0.0000

0.0000

0.6150

0.5250

200
BIC

AIC

0.0875

0.2075

0.9125

0.7925

0.000

0.000

0.1900

0.2025

0.8100

0.7975

0.0000

0.0000

0.7475

0.6375

400
BIC

AIC

0.1200

0.2300

0.9200

0.7700

0.0000

0.0000

0.2025

0.02175

0.8275

0.7825

0.0000

0.0000

0.7500

0.5975

IV

100
BIC

AIC

0.1225

0.2775

0.8775

0.7225

0.0000

0.0000

0.4425

0.4650

0.5575

0.5350

0.0000

0.0000

0.4900

0.4050

200
BIC

AIC

0.0800

0.1925

0.9200

0.8075

0.000

0.000

0.3275

0.3400

0.6725

0.6600

0.0000

0.0000

0.6350

0.5575

400
BIC

AIC

0.1250

0.2575

0.9350

0.7425

0.0000

0.0000

0.2875

0.3100

0.7125

0.6900

0.0000

0.0000

0.6550

0.5275
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�\L Yi �D�1df:�
I : Yi = Z⊤

i θ + 2ηi1 + 1.5ηi2 + ei,

II : Yi = Z⊤
i θ +

1

2
η2

i1 + η2
i2 + ei,DL� ei � N(0, 0.5) f:H θ = (2, 1.5, 1, 0, 0, 0, 0). 9,Z�uQ�1d I x)�#�mEUV/~Li#�mE1d�1d II x)�#�LiUV/~Li#�mE1d	 d 3 � 1 U#3a�{�� vq 25 50 75

I

100

BIC

AIC

OE

UE

0.0279 (0.0607)

0.0279 (0.0605)

0.0290 (0.0634)

0.0289 (0.0619)

0.1445 (0.2978)

0.1443 (0.2973)

0.1486 (0.3066)

0.1470 (0.2976)

0.7342 (1.4842)

0.7368 (1.4888)

0.7692 (1.5574)

0.7571 (1.5024)

200

BIC

AIC

OE

UE

0.0202 (0.0506)

0.0202 (0.0504)

0.0211 (0.0526)

0.0205 (0.0504)

0.1016 (0.2374)

0.1019 (0.2381)

0.1043 (0.2442)

0.1027 (0.2359)

0.5212 (1.1755)

0.5215 (1.1749)

0.5473 (1.2406)

0.5298 (1.1815)

400

BIC

AIC

OE

UE

0.0161 (0.0413)

0.0161 (0.0412)

0.0169 (0.0435)

0.0164 (0.0425)

0.0863 (0.2063)

0.0865 (0.2065)

0.0889 (0.2128)

0.0872 (0.2069)

0.4419 (1.0150)

0.4417 (1.0130)

0.4609 (1.0557)

0.4448 (1.0067)

II

100

BIC

AIC

OE

UE

0.0071 (0.0028)

0.0072 (0.0029)

0.0072 (0.0028)

0.0075 (0.0030)

0.0399 (0.0134)

0.0402 (0.0134)

0.0396 (0.0131)

0.0415 (0.0131)

0.2250 (0.0897)

0.2281 (0.0926)

0.2315 (0.0961)

0.2421 (0.0984)

200

BIC

AIC

OE

UE

0.0066 (0.0025)

0.0067 (0.0025)

0.0069 (0.0026)

0.0066 (0.0025)

0.0382 (0.0118)

0.0382 (0.0118)

0.0392 (0.0122)

0.0386 (0.0120)

0.2197 (0.0908)

0.2208 (0.0935)

0.2276 (0.0936)

0.2252 (0.0924)

400

BIC

AIC

OE

UE

0.0063 (0.0023)

0.0063 (0.0023)

0.0066 (0.0024)

0.0064 (0.0023)

0.0359 (0.0108)

0.0359 (0.0108)

0.0370 (0.0114)

0.0363 (0.0107)

0.2094 (0.0825)

0.2091 (0.0817)

0.2175 (0.0860)

0.2093 (0.0850)	 2 fu"(y��l�% -6
�\L Yi �D�1df:�
III : Yi = Z⊤

i θ + 2ηi1 + ηi2 + η2
i1 + η2

i2 + ei,

IV : Yi = Z⊤
i θ + 2ηi1 + ηi2 + ei,
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.|Kh"�iRr/bT	*�2 117DL� ei � N(0, 0.5) f:H θ = (2, 1.5, 1, 0, 0, 0, 0). 1d III x)�#�^EUV/~Li#�^E1d�1d IV x)�#�mEU)^EUV/~Li#�^E1d	g1d�4�9,~'p� BIC ) AIC p/�11��� 1 )� 2 L;S:+� ~:+)G:+V�~�^b-% 1 )% 2 �F% 1)% 2 y
u����p� BIC#Yp/�11�i�8�
MYSVp/O~V{#�\"�)O~V#�kUtV℄��x�SQV1d�4b�%� AIC #Y	 AIC #Yj7p/
kVkUtV℄)
kV{#�\"�	lH�� BIC #Yp/�11�i�;Sp/V�~��Z|�Z�V1Ml1J	� 1 ) 2 V$4b�~'^b-% 3 )% 4. %L���<� 200 E1:i RPEV 25%, 50% ) 75% ~3℄V�sD�{&L/N�V#Y6�	F% 3 )% 4 y
S�
Db$����IVNg;6VsD)#Y6a�|��V1MlRW	<� BIC#Y) AIC #YSQV�I�2�>oS�I�
%V$4%H�6�=m�WX1dV�,
8��$4Vi
	 d 4 � 2 U#3a�{�� vq 25 50 75

III

100

BIC

AIC

OE

UE

0.0294 (0.0639)

0.0295 (0.0644)

0.0306 (0.0665)

0.0301 (0.0645)

0.1376 (0.2732)

0.1379 (0.2735)

0.1411 (0.2801)

0.1415 (0.2757)

0.7380 (1.4931)

0.7390 (1.4946)

0.7803 (1.5811)

0.7623 (1.5086)

200

BIC

AIC

OE

UE

0.0234 (0.0552)

0.0234 (0.0551)

0.0244 (0.0574)

0.0235 (0.0548)

0.1027 (0.2189)

0.1022 (0.2182)

0.1059 (0.2268)

0.1040 (0.2183)

0.5381 (1.2401)

0.5378 (1.2399)

0.5378 (1.3063)

0.5489 (1.2664)

400

BIC

AIC

OE

UE

0.0201 (0.0515)

0.0201 (0.0515)

0.0209 (0.0538)

0.0202 (0.0517)

0.0907 (0.2102)

0.0909 (0.2107)

0.0936 (0.2160)

0.0908 (0.2088)

0.4643 (1.0276)

0.4641 (1.0275)

0.4931 (1.1049)

0.4749 (1.0527)

IV

100

BIC

AIC

OE

UE

0.0300 (0.0658)

0.0301 (0.0661)

0.0313 (0.0687)

0.0320 (0.0690)

0.1582 (0.3365)

0.1578 (0.3347)

0.1635 (0.3495)

0.1647 (0.3391)

0.8095 (1.7065)

0.8153 (1.7227)

0.8153 (1.7987)

0.8564 (1.7611)

200

BIC

AIC

OE

UE

0.0247 (0.0610)

0.0246 (0.0608)

0.0258 (0.0640)

0.0254 (0.0611)

0.1127 (0.2498)

0.1128 (0.2496)

0.1168 (0.2604)

0.1151 (0.2469)

0.5810 (1.2947)

0.5794 (1.2924)

0.6106 (1.3653)

0.5882 (1.2756)

400

BIC

AIC

OE

UE

0.0211 (0.0550)

0.0211 (0.0549)

0.0211 (0.0575)

0.0212 (0.0545)

0.1006 (0.2414)

0.1006 (0.2414)

0.1037 (0.2483)

0.1027 (0.2447)

0.5177 (1.1823)

0.5183 (1.1848)

0.5468 (1.2487)

0.5243 (1.1919)



118 � � � q q � 38r
5 ��s�-6�_�9,V��Vwr~=j?��LVB�o	B�ox# �B�gQ[|�gg4��SQ*d- 850–1050�PVBNL�*Æ
*dgg�E4��Fl4S 100
�B�o (J/ {X1, · · · , X100}). %i���~=2t��4S�|�V�~�~��?x�~�)M�I�~�	|��/ 215, DL�F- 160 
�}�I�--
55 
�b4z|�	9,V3Vx���B�o��~�~�)M�I�~�}$4?xV�~�	/�P^>��Q�9,�&qBNLVm℄O�}b/#�d�o	�o K VpOwr�9,pOF-V 3 
S:~�6^
S:~V�I!8 � 97%.9,~Ev��
D1d�
Yi = Z⊤

i θ+

∫

T

γ1(s)X
c
i (s) ds+ · · ·+

∫

T p

γp(t1, · · · , tp)Xc
i (t1) · · ·Xc

i (tp) dt1 · · ·dtp +εi, (5.1)DL� Zi x 4 0{#�\"�� (�~�~��M�I�~�� X49, X100).~E�9,~'p� BIC ) AIC p/�11�g1dgg
+�4�-#�kUt/~�1dp/Vb�/mEkUt	6�.�EkUt+_
s�#�d�o)Q�"�V�B�6�b$� Ferraty[6] WVb$�G	-{#�d/~�SQVb$x X100 /+O~V\"��6�b$ Li[10] W) Amato[17] W�G�-�,g6�m�V~=L�ffv��*d- 902 Q 1028 6�d�Æ/6�d�!�`kVa��lgDVE.y
/"+I	�*�X49 xO~V\"��6�b$� Ferraty[18] WSQVb��G	g$4�9,E�Y���V�I 2�>oV�I (D<�Q1d�J/ ‘UE’)V$4%H	9,~'��u
|�I��0� BIC #Y) AIC #Yp/�11�iSQV�I)<�Q1dSQV�I	V-�~'I��_� 3Mwr-4z|�LSQV$4DVNg$4;6 (RPE), )I�� RPE V~3℄�I�b�Fu-% 5. F% 5 y
u��>owr.F%�2�>owr	d 5 l�}<KU#3a�0
 vq 25 50 75

(5.1)

BIC

AIC

UE

0.0028

0.0117

0.0116

0.0078

0.0306

0.0362

0.0438

0.1354

0.1670

(5.2)

BIC

AIC

UE

0.0101

0.0101

0.0203

0.0501

0.0501

0.0619

0.1649

0.1649

0.1596

(5.3) UE 0.0131 0.0561 0.1128



4C 3��,y��-H4
.|Kh"�iRr/bT	*�2 119ZD}�9,v��
D1d�
Yi = α +

∫

T

γ1(s)X
c
i (s) ds +

∫

T 2

γ2(t1, t2)X
c
i (t1)X

c
i (t2) dt1 dtp + εi (5.2))

Yi = α +

∫

T

γ1(s)X
c
i (s) ds + εi. (5.3)g1d (5.2) ) (5.3), 9,��V~'p�Q1d)>owrI�� RPE V~3℄��Sb��Fu-% 5. F% 5 9,�8�u����V>owr%�2�>owr	

6 2�/�=.�IVN+i)1dp/VN+i�9,Eda�
��	/� 1 Nd!T (a) ) (b) :��0�
|η̂ij − ηij | = Op(K

α+1/
√

n),
∣∣∣

n∑

i=1

(η̂ij1 η̂ij2 )/n − E(ηij1ηij2)
∣∣∣ = Op(K

α+1/
√

n),

...,
∣∣∣

n∑

i=1

(η̂ij1 · · · η̂ijp )/n − E(ηij1 · · · ηijp)
∣∣∣ = Op(K

α+1/
√

n),

‖φ̂j(s) − φj(s)‖ = Op

(K2α+2

n

)
.B: 1 8D< ��!T (c) ) [4] LV (5.2), yS |η̂ij − ηij | = Op(K

α+1/
√

n) )
‖φ̂j(s) − φj(s)‖ = Op

(
K2α+2

n

)
. # AZI�yS

n∑

i=1

(η̂ij1 η̂ij2 )/n − E(ηij1ηij2 )

=
( n∑

i=1

(η̂ij1 η̂ij2 )/n −
n∑

i=1

(ηij1ηij2)/n
)

+
( n∑

i=1

(ηij1ηij2)/n − E(ηij1ηij2 )
)

=B1 + B2.�� |η̂ij − ηij | = Op(K
α+1/

√
n), yS�

B1 =
1

n

n∑

i=1

(η̂ij1 η̂ij2 − ηij1ηij2)

=
1

n

n∑

i=1

[
(η̂ij1 − ηij1)η̂ij2 + ηij1 (η̂ij2 − ηij2 )

]

=Op(K
α+1/

√
n).
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−1/2). #  F-N�VR�y
=.�� 1 LD�Vb$	=�	/� 2 `


Ûi = (Û⊤
i,1, · · · , Û⊤

i,p)
⊤, Ŵi = (Z⊤

i , Û⊤
i )⊤, Ŵ = (Ŵ1, · · · , Ŵn).`
 ρ∗ x Ŵ⊤Ŵ V`W�9D�Nd!T (a)–(e) :��0� ρ∗ = Op(nK−α).�� 2 x [16] V�
AZb$	9: 18D< `
�β = (β⊤

1 , · · · , β⊤
p )⊤, β̂ = (β̂⊤

1 , · · · , β̂⊤
p )⊤, θ = (θ⊤1 , · · · , θ⊤q )⊤, θ̂ =

(θ̂⊤1 , · · · , θ̂⊤q )⊤, δ = (θ⊤, β⊤)⊤, δ̂ = (θ̂⊤, β̂⊤)⊤.~E�9,=.�g j ∈ Ω1, � ‖β̂j − βj‖ = op(1) 
g k ∈ Ω2, � |θ̂k − θk| = op(1).V�Q�
L(β̂, θ̂) − L(β, θ)

=

n∑

i=1

[Yi − Z⊤
i θ̂ − Û⊤

i β̂]2 −
n∑

i=1

[Yi − Z⊤
i θ − Ûiβ]2

=
n∑

i=1

[(Yi − Z⊤
i θ − Ûiβ) + (Z⊤

i θ − Z⊤
i θ̂) + (Ûiβ − Ûiβ̂)]2 −

n∑

i=1

[Yi − Z⊤
i θ − Ûiβ]2

=2

n∑

i=1

[(Yi − Z⊤
i θ − Ûiβ)[Ŵ⊤

i (δ − δ̂)] +

n∑

i=1

[Ŵ⊤
i (δ − δ̂)]2

≡A1 + A2. (6.1)� P
Ŵ

= Ŵ (Ŵ⊤Ŵ )Ŵ⊤. Æ/� Yi − Z⊤
i θ − Ûiβ = εi + (Uiβ − Ûiβ) + Vi, DL�

Vi =
∞∑

j=K+1

γjηi,j + · · · +
∞∑

j1,···,jp=K+1

γj1,···,jpηi,j1 · · · ηi,jp .�� [16] L�� 3 N�Vwr�yS�
‖P

Ŵ
ε‖2 = Op(K), ‖P

Ŵ
(Uβ− Ûβ)‖2 = Op(K

2α+2), ‖P
Ŵ

V ‖2 = Op(K
2α+2). (6.2)�o (6.2), yS�

A1 ≥ −Op(K
2α+2)1/2‖Ŵ⊤(δ − δ̂)‖ ≥ −Op(K

2α+2) − 1

2
‖Ŵ⊤(δ − δ̂)‖2. (6.3)�o (6.1) ) (6.3), yS�

0 ≥ L(β̂, θ̂) − L(β, θ) ≥ −Op(K
2α+2) +

1

2
‖Ŵ⊤(δ − δ̂)‖2. (6.4)�� Cauchy-Schwartz+Wt�yS�

n

p∑

j=0

cjλj‖β̂j‖ + n

q∑

k=0

µk|θ̂k| − n

p∑

j=0

cjλj‖βj‖ + n

q∑

k=0

µk|θk|
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≥n
∑

j∈A

cjλj(‖β̂j‖ − ‖βj‖) + n
∑

j∈B

µk(|θ̂k| − |θk|)

≥− (
√

nρ∗/2‖β̂ − β‖)
(2n

ρ∗

∑

j∈A

c2
jλ

2
j

)1/2

− (
√

nρ∗/2‖θ̂ − θ‖)
(2n

ρ∗

∑

j∈B

µ2
k

)1/2

≥− n

ρ∗

∑

j∈A

c2
jλ

2
j −

nρ∗

4
‖β̂ − β‖2 − n

ρ∗

∑

j∈B

µ2
k − nρ∗

4
‖θ̂ − θ‖2. (6.5)�o (6.4), (6.5) 
C�� 2, yS�

0 ≥Q(β̂, θ̂) − Q(β, θ)

≥− Op(K
2α+2) +

1

2
‖Ŵ⊤(δ − δ̂)‖2

− n

ρ∗

∑

j∈A

c2
jλ

2
j −

nρ∗

4
‖β̂ − β‖2 − n

ρ∗

∑

j∈B

µ2
k − nρ∗

4
‖θ̂ − θ‖2

≥− Op(K
2α+2) +

nρ∗

4
(‖β̂ − β‖2 + ‖θ̂ − θ‖2) − n

ρ∗

∑

j∈A

c2
jλ

2
j −

n

ρ∗

∑

k∈B

µ2
k.��Nd (c) ) (e), yS�

‖β̂ − β‖2 + ‖θ̂ − θ‖2 = Op

(K3α+2

n2

)
.�x�9,=Sg j ∈ Ω1 �� ‖β̂j − βj‖ = op(1), g k ∈ Ω2 � |θ̂k − θk| = op(1).ZD}�9,=. ‖γ̂l(t1, · · · , tl) − γl(t1, · · · , tl)‖ = op(1), 1 ≤ l ≤ p. g l = 1, V�Q�

‖γ̂1(t) − γ1(t)‖ ≤
K∑

j=1

‖b̂jφ̂j(t) − bjφj(t)‖ + ‖
∑

j>K

bjφj(t)‖

≤
K∑

j=1

[|̂bj − bj |‖φj(s)‖ + |̂bj − bj|‖φ̂j(s) − φj(s)‖ + |bj |‖φ̂j(s) − φj(s)‖]

+
∥∥∥

∑

j>K

bjφj(s)
∥∥∥

≡F1 + F2. (6.6)�o (6.1) )�� 1, yS�
F1 = Op

(K5α/2+1

n
+

K2α+3

n

)
. (6.7)��Nd (f), yS�

F2 = Op

(K2α+2

n

)
. (6.8)� (6.6), (6.7), (6.8) )Nd (c), yS� ‖γ̂1(t) − γ1(t)‖ = op(1).��V�y=� ‖γ̂l(t1, · · · , tl) − γl(t1, · · · , tl)‖ = op(1), 2 ≤ l ≤ p. =�	



122 � � � q q � 38r9: 2 8D< NdG- δ∗ = (β̂∗⊤, θ̂∗⊤)⊤ %_�g j ∈ A, � β̂∗
j = β̂j , Hg k ∈ B,� θ̂∗k = θ̂k, g j

′ ∈ Ac, � β̂∗
j′

= 0 Hg k
′ ∈ Bc � θ̂∗

k′ 6= 0. �
̟∗ =

n∑

i=1

Ŵi(Ŵ
⊤
i Ŵi)

−1Ŵ⊤
i (Yi − Z⊤

i θ̂∗ − Û⊤
i β̂∗),0�� ‖̟∗‖2 ≤ 2‖̟‖2 + 2‖Û⊤(β̂∗ − β)‖2 + 2‖Z⊤(θ̂∗ − θ)‖2 = Op(K

2α+2).#  `� 1 ��Vwr�yS�
Q(β̂, θ̂) − Q(β̂∗, θ̂∗)

=2

n∑

i=1

[
(Yi − Z⊤

i θ̂∗ − Ûiβ̂
∗)

][
Ŵ⊤

i (δ̂ − δ∗)
]
+

n∑

i=1

[
Ŵ⊤

i (δ̂ − δ∗))
]2

+ n

p∑

j=0

cjλj‖β̂j‖ + n

q∑

k=0

µk|θ̂k| − n

p∑

j=0

cjλj‖β̂∗
j ‖ − n

q∑

k=0

µk|θ̂∗k|

≥ − Op(K
2α+2)

√
n

∑

j∈Ac∪Bc

‖δ̂j‖ + n
∑

j∈Ac

cjλj‖β̂j‖ + n
∑

k∈Bc

µk|θ̂k|.�oNd (g), yS� Q(β̂, θ̂)−Q(β̂∗, θ̂∗) > 0 
�!LV� 1 :��6V Q(β̂, θ̂) `WN'h��x�=�	 g � �  
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Abstract In this article, we propose a general class of semiparametric rates models for

recurrent event data, which includes the proportional rates model and a semiparametric

additive rates model as special cases. For the inference on the model parameters, estimating

equation approaches are developed. The consistency and asymptotic normality properties

of the proposed estimators are established.
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