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h��y>|[	�.�n`n^7�ATM =�^7�
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Æq�s7Pz�Wn��Pv�"w1��)w?^7�07&}�)��^7�Æ:^sE�
N∗. ^7&} �Yb


1) YZ{kdS}A
C λ(> 0) � Poisson ��
}i�{k�"Ku"Æ�
{τi, i ≥ 1} ir�w�438 F (t) = 1 − e−λt, t ≥ 0. YZv����8Yu"Æ�
{χn, n ≥ 1} ir�w�>T(38 G(t), t ≥ 0, 9L8Yu"C 1

µ(> 0).

2) ^7o>"L8Y"�8Y"W8YJ “℄*�?”(g8YJNxCYZ8Y�uXB�i{^7Te)[Cn�`"�u"��`�8Y"W3%mru�9��n�u") ��% X 8gA
C α(> 0) <m
38�
 X(t) = 1 − e−αt, t ≥ 0, 9L�%C E(X) = 1
α . W8YJ “℄*�?” %mV[qWw
~{�n�A�nu" Z 8g"�38 Z(t) = P{Z ≤ t}, t ≥ 0, 9L�nu"C 0 ≤ β1 = E(Z) < ∞.

3) W�>CYZ8Y�u"�0�8Y"W3%mL_�V[�AL_��% Y>"�38 Y (t) = P{Y ≤ t}, t ≥ 0, 9L�%C E(Y ). 8Y"%mL_�V[u�53w
~{�n�o>w8YJ��1	�~{^7=g|8Y"}4dI
8Y"L_�V[��nu" W >"�38 W (t) = P{W ≤ t}, t ≥ 0, 9L�nu"C
0 ≤ β2 = E(W ) < ∞.

4) 8YJ>N�At|��� Min(N, V )- ^sE���^X�
w^7)[u�8YJ�aNx"e�����u" V 8gT(38 V (t), t ≥ 0, H9L��u"C
0 ≤ E(V ) < ∞. W8YJ���?"�Yb^7v{k�YZ
k{� N L�X8YJ�axn��0w
~{^7�Yb{k�YZ
�>k{ N L�X8YJ�{d
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~{^7v�8YJ�℄%g8Y"$`AL_�V[Xw
�n�8Y"�gqTCYZ8Y (duW�n�u"0W3y>YZ{k);℄8Y"�>%mL_�V[Cw
C^7v�YZ8Y
W8YJde��1	u^7v�>YZ�8YJ4���#G8Y"}4$%mL_�V[�℄8Y"$%mL_�V[Xw
�n��gqw
C�n?"0{k�YZ8Y�W�n?"0�>{kYZu8YJ�W^7v�qYZ�{k�℄8Y"�>%mL_�V[�X8YJ�W^7v�qYZ�{k�fS�AqYZ�{kW3%mWL_�V[��n?"��W3%mW8Y"dI?"
`p N ≥ 1.

5) 8Y"W8YJ “℄*�? ” v%mV[u�dW.�8Y�YZ���qA�;��ngqT��.�8Y�$8Yd�u"US>u�H�Æ τ , χ, X , Z, Y , W ,

V }ir�w�

6) WuX t = 0, Yb^7}[��8YJ�>N?��^sE�
[ 1 b�
MZ"w5i�#

N(t) -{^7WuX t ��L�
g∗(s) =

∫ ∞

0 e−stG(t)dt, g(s) =
∫ ∞

0 e−stdG(t)3.-{i1 G(t)	h�b<b� (L)){nb<b� – �� E� (LS) ){� t ≥ 0,

G(k)(t) -{i1 G(t) � k(≥ 1) |K	�
 G(k)(t) =
∫ t

0 G(k−1)(t − x)dG(x), H
G(0)(t) = 1, G(t) ∗ F (t) =

∫ t

0
G(t − x)dF (x), G(t) = 1 − G(t), t ≥ 0.

2 #� 9:'�� χ̃n -{� n LYZ� “℄*8Yu" ”(g?YZNx.�8Y�uXB�i{?YZ8Y1	�u"�Av�`W?YZ�8Yu"08Y"W3%m�eru�9��n�u"), Xh� [25,219 �] v (10.1.2) z�~
G̃(t) , G̃n(t) = P{χ̃n ≤ t} =

∞∑

k=0

∫ t

0

Z(k)(t − x)e−αx (αx)k

k!
dG(x), n ≥ 1, (1)Ab<b� - �� E�){ (LS) C

g̃(s) =
∞∑

k=0

[z(s)]k
∫ ∞

0

e−(s+α)t (αt)k

k!
dG(t) = g(s + α − αz(s)), (2)9L “℄*8Yu" ” C

E(χ̃) = −
d

ds
[g̃(s)]|s=0 =

1 + αβ1

µ
.~{^7�+1D� ρ̃ = λ

µ(1 + αβ1).� b̃ -{?^7g"LYZNx�8YJ “℄*�? ” L��� B̃(t) = P{b̃ ≤

t}, b̃(s) =
∫ ∞

0 e−stdB̃(t), X>Yb-n




5 = �oq�&.|�J℄�pskrz�� Min (N,V )- C�� M/G/1 U�6�\5 705O2 1 ($ [25, 220 �� Cor.10.1.1]) � ℜ(s) > 0, b̃(s) }+S z = g̃(s + λ − λz) W
|z| < 1 0�A"N�H̃

B(t) =

∞∑

k=1

∫ t

0

(λx)k−1

k!
e−λxdG̃(k)(x), t ≥ 0, (3)

lim
t→∞

B̃(t) = lim
s→0+

b̃(s) =

{
1, ρ̃ ≤ 1,

ω < 1, ρ̃ > 1,
(4)

E(̃b) =

{ ρ̃

λ(1 − ρ̃)
, ρ̃ < 1,

∞, ρ̃ ≥ 1,
(5)Av ω (0 < ω < 1) }+S z = g̃(λ − λz) W (0,1) 0�N� ℜ(s) -{;)~ s �v;
� b̃<i> -{g i LYZNx�8YJ “℄*�?” L��+C{kdS}2�dS��'> [25]

P{b̃〈i〉 ≤ t} = B̃(i)(t), t ≥ 0, i ≥ 1. (6)?� Qj(t) = P{b̃ > t ≥ 0; N(t) = j}-{W8YJ “℄*�? b̃”v�LC j ��$DÆ�HW t = 0uo>"LYZ�8YJ “℄*�? b̃” FNx�
 Q1(0) = 1, Qj(0) =

0, j > 1.O2 2[25] � q∗j (s) =
∫ ∞

0 e−stQj(t)dt C Qj(t) � L ){�� ℜ(s) > 0 n j ≥ 1, >
q∗j (s) =

b̃(s)

g̃(s + λ)

∫ ∞

0

e−st[1 − G̃(t)]
(λt)j−1

(j − 1)!
e−λtdt

+
1

g̃(s + λ)

j−1∑

k=1

q∗j−k(s)

b̃k(s)

{
b̃(s) −

k∑

i=0

∫ ∞

0

e−(s+λ)t [λb̃(s)t]i

i!
dG̃(t)

}
. (7)Av�w j ≤ 0 u�Mn j∑

k=1

= 0 (b�4).b�)�^7�L��$DÆ38
� pij(t) = P{N(t) = j|N(0)=i} -{XxuX> i(≥ 0) LYZ�/&b�WuX t �LC j(≥ 0) ��$DÆ�A L ){�C
p∗ij(s) =

∫ ∞

0
e−stpij(t)dt."2 1 w ℜ(s) > 0 n i ≥ 0 u� pi0(t) �b<b�){C

p∗i0(s) =
1 − f(s)

s
·
b̃i(s)

Π(s)
, (8)Av

Π(s)

=1 −
w(Λ) + w(s + λ){f(s)̃b(s)[1 − y(s + λ)] − 1}

1 − w(s + λ)y(s + λ)

∫ ∞

0

e−(s+λ)td[Y (t)V (t)]

− b̃(s)

∫ ∞

0

e−stV (t)Y (t)dF (t) −

N−1∑

m=1

b̃m(s)

∫ ∞

0

(λt)m

m!
e−(s+λ)tdV (t)
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− b̃N(s)

∫ ∞

0

e−stV (t)dF (N)(t)

+ [1 − w(Λ)]

·

{ N−1∑

m=1

b̃m(s)

∫ ∞

0

Y (t)
(λt)m

m!
e−(s+λ)tdV (t) + b̃N(s)

∫ ∞

0

e−stV (t)Y (t)dF (N)(t)

}
,

Λ = s + λ − λb̃(s), w(Λ) =
∫ ∞

0
e−ΛtdW (t), w(s + λ) =

∫ ∞

0
e−(s+λ)tdW (t), y(s + λ) =

∫ ∞

0 e−(s+λ)tdY (t).u � τ̂j -{� j(≥ 1) L “^7e?” L� (g^7F)[�uXB�i{Aq�"LYZ{k�uXCn�`"�u"), X;{kdSCA
 λ(> 0) � Poisson dSg P{τ̂j ≤ t} = F (t) = 1 − e−λt, t ≥ 0.� lk =
k∑

i=1

τi, sk =
k∑

i=1

(Wi + Yi), k ≥ 1, l0 = s0 = 0. fSWuX t �LC��V3H'�/&}uX t `A^7e?v�S7QDÆ34��GPzdSn��1oXx/&�w i = 0 u�>
p00(t)

=P{0 ≤ t < τ̂1} + P{τ̂1 ≤ t, V < τ̂1; N(t) = 0} + P{τ̂1 ≤ t, V ≥ τ̂1; N(t) = 0}

=F (t) + P{τ̂1 ≤ t, V < τ̂1, Y ≤ τ̂1; N(t) = 0} + P{τ̂1 ≤ t, V < τ̂1, Y > τ̂1; N(t) = 0}

+ P{τ̂1 ≤ t, V ≥ τ̂1, Y ≤ τ̂1; N(t) = 0} + P{τ̂1 ≤ t, V ≥ τ̂1, Y > τ̂1; N(t) = 0}

=F (t)

+

∞∑

k=1

P{V + sk−1 + Wk ≤ t, Y ≤ V, V + sk−1 ≤ τ̂1 < V + sk−1 + Wk; N(t) = 0}

+
∞∑

k=1

P{τ̂1 ≤ t, Y ≤ V, V + sk−1 + Wk ≤ τ̂1 < V + sk; N(t) = 0}

+

∞∑

k=1

P{Y + sk−1 + Wk ≤ t, Y > V, Y + sk−1 ≤ τ̂1 < Y + sk−1 + Wk; N(t) = 0}

+

∞∑

k=1

P{τ̂1 ≤ t, Y > V, Y + sk−1 + Wk ≤ τ̂1 < Y + sk; N(t) = 0}

+

∫ t

0

V (x)Y (x)p10(t − x)dF (x) + P{τ̂1 ≤ t, V ≥ τ̂1, Y ≤ τ̂1; N(t) = 0}

+ P{τ̂1 ≤ t, V ≥ τ̂1, Y > τ̂1; N(t) = 0}, (9)z (9) v�"lC
∞∑

m=1

∞∑

k=1

P{V + sk−1 + Wk ≤ t, Y ≤ V, V + sk−1 ≤ τ̂1 < V + sk−1 + Wk,

τ̂1 + lm−1 ≤ V + sk−1 + Wk < τ̂1 + lm; N(t) = 0}

=

∞∑

m=1

∞∑

k=1

∫ t

0

∫ t−x

0

∫ t−x−y

0

Y (x)
(λz)m

m!
e−λ(x+y+z)pm0(t − x − y − z)
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· dW (z)d[W (k−1) ∗ Y (k−1)(y)]dV (x), (10)z (9) v�^lC
∞∑

k=1

∫ t

0

∫ x

0

∫ x−y

0

Y (y)Y (x − y − z)p10(t − x)d[W (k) ∗ Y (k−1)(z)]dV (y)dF (x), (11)z (9) v��lC
∞∑

m=1

∞∑

k=1

P{Y + sk−1 + Wk ≤ t, Y > V, Y + sk−1 ≤ τ̂1 < Y + sk−1 + Wk,

τ̂1 + lm−1 ≤ Y + sk−1 + Wk < τ̂1 + lm; N(t) = 0}

=

∞∑

m=1

∞∑

k=1

∫ t

0

∫ t−x

0

∫ t−x−y

0

V (x)
(λz)m

m!
e−λ(x+y+z)pm0(t − x − y − z)

· dW (z)d[W (k−1) ∗ Y (k−1)(y)]dY (x), (12)z (9) v�VlC
∞∑

k=1

∫ t

0

∫ x

0

∫ x−y

0

V (y)Y (x − y − z)p10(t − x)d[W (k) ∗ Y (k−1)(z)]dY (y)dF (x), (13)z (9) v��lC
P{τ̂1 ≤ t, V ≥ τ̂1, Y ≤ τ̂1; N(t) = 0}

=
∞∑

n=0

N−1∑

m=1

P{V + W ≤ t, Y ≤ V, τ̂1 + lm−1 ≤ V < τ̂1 + lm, ln ≤ W < ln+1; N(t) = 0}

+

∞∑

n=0

P{τ̂1 + lN−1 + W ≤ t, V ≥ τ̂1 + lN−1, Y ≤ τ̂1 + lN−1, ln ≤ W < ln+1; N(t) = 0}

=

∞∑

n=0

N−1∑

m=1

∫ t

0

∫ t−x

0

Y (x)
(λx)m

m!
e−λx (λy)n

n!
e−λypm+n,0(t − x − y)dW (y)dV (x)

+

∞∑

n=0

∫ t

0

∫ t−x

0

V (x)Y (x)
(λy)n

n!
e−λypN+n,0(t − x − y)dW (y)dF (N)(x), (14)z (9) v��lC

P{τ̂1 ≤ t, V ≥ τ̂1, Y > τ̂1; N(t) = 0}

=

N−1∑

m=1

P{V ≤ t, Y > V, τ̂1 + lm−1 ≤ V < τ̂1 + lm; N(t) = 0}

+ P{τ̂1 + lN−1 ≤ t, V ≥ τ̂1 + lN−1, Y > τ̂1 + lN−1; N(t) = 0}

=

N−1∑

m=1

∫ t

0

Y (x)
(λx)m

m!
e−λxpm0(t − x)dV (x) +

∫ t

0

Y (x)V (x)pN0(t − x)dF (N)(x).

(15)
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 � � � 40 J* (10)–(15) zp[ (9) z�� L ){0
n~{
p∗00(s)

=
1 − f(s)

s
+

∫ ∞

0
e−(s+λ)td[Y (t)V (t)]

1 − w(s + λ)y(s + λ)

∞∑

m=1

p∗m0(s)

∫ ∞

0

(λt)m

m!
e−(s+λ)tdW (t)

+ p∗10(s)
f(s)w(s + λ)[1 − y(s + λ)]

1 − w(s + λ)y(s + λ)

∫ ∞

0

e−(s+λ)td[Y (t)V (t)]

+ p∗10(s)

∫ ∞

0

e−stV (t)Y (t)dF (t)

+

∞∑

n=0

N−1∑

m=1

p∗m+n,0(s)

∫ ∞

0

Y (t)
(λt)m

m!
e−(s+λ)tdV (t) ·

∫ ∞

0

(λt)n

n!
e−(s+λ)tdW (t)

+

∞∑

n=0

p∗N+n,0(s)

∫ ∞

0

e−stV (t)Y (t)dF (N)(t) ·

∫ ∞

0

(λt)n

n!
e−(s+λ)tdW (t)

+

N−1∑

m=1

p∗m0(s)

∫ ∞

0

Y (t)
(λt)m

m!
e−(s+λ)tdV (t)

+ p∗N0(s)

∫ ∞

0

e−stV (t)Y (t)dF (N)(t). (16)w i ≥ 1 u�>
pi0(t) =

∫ t

0

p00(t − x)dB̃(i)(x), (17)A L ){C
p∗i0(s) = p∗00(s) · b̃

i(s). (18)� (18)zp[ (16)z�
nW~ p∗00(s)�-kz
T� p∗00(s) p[ (18)z
nW~ (8)z�f%
"2 2 � ℜ(s) > 0 n i ≥ 0, >
1) w j = 1, 2, · · · , N − 1 u� pij(t) �b<b�){C

p∗ij(s) =

i∑

k=1

q∗j−i+k(s)̃bk−1(s) +
b̃i(s)

Π(s)
·
{

q∗j (s)Ω(s) + κj,j(s) + θj(s)

+

∫ ∞

0

V (t)
(λt)j

j!
e−(s+λ)tdt

}
, (19)

2) w j ≥ N u� pij(t) �b<b�){C
p∗ij(s) =

i∑

k=1

q∗j−i+k(s)̃bk−1(s) +
b̃i(s)

Π(s)
·
{

q∗j (s)Ω(s) + κj,N−1(s) + θj(s)

+

∫ ∞

0

W (t)
(λt)j−N

(j − N)!
e−(s+λ)tdt ·

∫ ∞

0

e−stV (t)Y (t)dF (N)(t)
}

, (20)
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Ω(s) =

f(s)w(s + λ)[1 − y(s + λ)]

1 − w(s + λ)y(s + λ)

∫ ∞

0

e−(s+λ)td[Y (t)V (t)] +

∫ ∞

0

e−stV (t)Y (t)dF (t),

κj,m(s) =

m∑

n=1

∫ ∞

0

W (t)
(λt)j−n

(j − n)!
e−(s+λ)tdt ·

∫ ∞

0

Y (t)
(λt)n

n!
e−(s+λ)tdV (t), j ≥ m,

θj(s) =

∫ ∞

0
e−(s+λ)td[Y (t)V (t)]

1 − w(s + λ)y(s + λ)
·

{ j−1∑

k=0

q∗j−k(s)Ak(s)

b̃k+1(s)
+

∫ ∞

0

(λt)j

j!
e−(s+λ)tW (t)dt

}

+

N−1∑

m=1

∫ ∞

0

Y (t)
(λt)m

m!
e−(s+λ)tdV (t)πj,m(s) +

∫ ∞

0

e−stV (t)Y (t)dF (N)(t)πj,N (s)

+
N−1∑

m=1

∫ ∞

0

Y (t)
(λt)m

m!
e−(s+λ)tdV (t)

m∑

k=1

q∗j−m+k(s)̃bk−1(s)

+

N∑

k=1

q∗j−N+k(s)̃bk−1(s)

∫ ∞

0

e−stV (t)Y (t)dF (N)(t), j ≥ 1,

Ak(s) =w(Λ) −
k∑

i=0

∫ ∞

0

[λb̃(s)t]i

i!
e−(s+λ)tdW (t), k ≥ 0,

πj,m(s) =

m∑

k=1

b̃k−1(s)

j−m+k−1∑

n=0

q∗j−m−n+k(s)

∫ ∞

0

(λt)n

n!
e−(s+λ)tdW (t)

+

j−1∑

k=0

q∗j−k(s)̃bm−k−1(s)Ak−1(s), j ≥ 1.u �
f# 1). w j = 1, 2, · · · , N − 1 u� “uX t �LC j” wH7w “uX t �W8YJ�?vH�LC j” �_ “uX t �W8YJ “℄*�? ” vH�LC j” �_
“uX t �W “L_�V[ ” ��n?"H�LC j”. S7QDÆ34���w i = 0u�>

p0j(t)

=P{τ̂1 ≤ t, V < τ̂1, Y ≤ τ̂1; N(t) = j} + P{τ̂1 ≤ t, V < τ̂1, Y > τ̂1; N(t) = j}

+ P{τ̂1 ≤ t, V ≥ τ̂1, Y ≤ τ̂1; N(t) = j} + P{τ̂1 ≤ t, V ≥ τ̂1, Y > τ̂1; N(t) = j}

=

∞∑

k=1

P{τ̂1 ≤ t < V + sk−1 + Wk, Y ≤ V, V + sk−1 ≤ τ̂1; N(t) = j}

+

∞∑

k=1

P{V + sk−1 + Wk ≤ t, Y ≤ V, V + sk−1 ≤ τ̂1 < V + sk−1 + Wk; N(t) = j}

+

∞∑

k=1

P{τ̂1 ≤ t, Y ≤ V, V + sk−1 + Wk ≤ τ̂1 < V + sk; N(t) = j}

+

∞∑

k=1

P{τ̂1 ≤ t < Y + sk−1 + Wk, Y > V, Y + sk−1 ≤ τ̂1; N(t) = j}
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+

∞∑

k=1

P{Y + sk−1 + Wk ≤ t, Y > V, Y + sk−1 ≤ τ̂1 < Y + sk−1 + Wk; N(t) = j}

+

∞∑

k=1

P{τ̂1 ≤ t, Y > V, Y + sk−1 + Wk ≤ τ̂1 < Y + sk; N(t) = j}

+ P{τ̂1 ≤ t, V < τ̂1, Y > τ̂1; N(t) = j} + P{τ̂1 ≤ t, V ≥ τ̂1, Y ≤ τ̂1; N(t) = j}

+ P{τ̂1 ≤ t, V ≥ τ̂1, Y > τ̂1; N(t) = j}

=

∫ t

0

∫ t−x

0

W (t − x − y)Y (x)
[λ(t − x − y)]j

j!
e−λtd[W (k−1) ∗ Y (k−1)(y)]dV (x)

+

∞∑

m=1

∞∑

k=1

∫ t

0

∫ t−x

0

∫ t−x−y

0

Y (x)
(λz)m

m!
e−λ(x+y+z)pmj(t − x − y − z)

· dW (z)d[W (k−1) ∗ Y (k−1)(y)]dV (x)

+

∞∑

k=1

∫ t

0

∫ x

0

∫ x−y

0

Y (y)Y (x − y − z)p1j(t − x)d[W (k) ∗ Y (k−1)(z)]dV (y)dF (x)

+

∫ t

0

∫ t−x

0

W (t − x − y)V (x)
[λ(t − x − y)]j

j!
e−λtd[W (k−1) ∗ Y (k−1)(y)]dY (x)

+

∞∑

m=1

∞∑

k=1

∫ t

0

∫ t−x

0

∫ t−x−y

0

V (x)
(λz)m

m!
e−λ(x+y+z)pmj(t − x − y − z)

· dW (z)d[W (k−1) ∗ Y (k−1)(y)]dY (x)

+
∞∑

k=1

∫ t

0

∫ x

0

∫ x−y

0

V (y)Y (x − y − z)p1j(t − x)d[W (k) ∗ Y (k−1)(z)]dY (y)dF (x)

+

∫ t

0

V (x)Y (x)p1j(t − x)dF (x) + P{τ̂1 ≤ t, V ≥ τ̂1, Y ≤ τ̂1; N(t) = j}

+ P{τ̂1 ≤ t, V ≥ τ̂1, Y > τ̂1; N(t) = j}, (21)z (21) v��lC
P{τ̂1 ≤ t, V ≥ τ̂1, Y ≤ τ̂1; N(t) = j}

=P{τ̂1 ≤ t < V, V < τ̂1 + lN−1, Y ≤ V ; N(t) = j}

+ P{τ̂1 ≤ t < τ̂1 + lN−1, V ≥ τ̂1 + lN−1, Y ≤ τ̂1 + lN−1; N(t) = j}

+ P{V ≤ t < V + W, τ̂1 ≤ V < τ̂1 + lN−1, Y ≤ V ; N(t) = j}

+ P{V + W ≤ t, τ̂1 ≤ V < τ̂1 + lN−1, Y ≤ V ; N(t) = j}

+ P{τ̂1 + lN−1 + W ≤ t, V ≥ τ̂1 + lN−1, Y ≤ τ̂1 + lN−1; N(t) = j}

=P{τ̂1 ≤ t < V, Y ≤ V, τ̂1 + lj−1 ≤ t < τ̂1 + lj}

+

j∑

n=1

∫ t

0

W (t − x)Y (x)
(λx)n

n!
e−λx [λ(t − x)]j−n

(j − n)!
e−λ(t−x)dV (x)

+

∞∑

n=0

N−1∑

m=1

∫ t

0

∫ t−x

0

Y (x)
(λx)m

m!
e−λx (λy)n

n!
e−λypm+n,j(t − x − y)dW (y)dV (x)



5 = �oq�&.|�J℄�pskrz�� Min (N,V )- C�� M/G/1 U�6�\5 711

+
∞∑

n=0

∫ t

0

∫ t−x

0

V (x)Y (x)
(λy)n

n!
e−λypN+n,j(t − x − y)dW (y)dF (N)(x), (22)z (21) v�BlC

P{τ̂1 ≤ t, V ≥ τ̂1, Y > τ̂1; N(t) = j}

=P{τ̂1 ≤ t < V, V < τ̂1 + lN−1, Y > V ; N(t) = j}

+ P{τ̂1 ≤ t < τ̂1 + lN−1, V ≥ τ̂1 + lN−1, Y > τ̂1 + lN−1; N(t) = j}

+ P{V ≤ t, τ̂1 ≤ V < τ̂1 + lN−1, Y > V ; N(t) = j}

+ P{τ̂1 + lN−1 ≤ t, V ≥ τ̂1 + lN−1, Y > τ̂1 + lN−1; N(t) = j}

=P{τ̂1 ≤ t < V, Y > V, τ̂1 + lj−1 ≤ t < τ̂1 + lj}

+

N−1∑

m=1

∫ t

0

Y (x)
(λx)m

m!
e−λxpmj(t − x)dV (x)

+

∫ t

0

Y (x)V (x)pNj(t − x)dF (N)(x), (23)* (22) z�"ln (23) z�"lo0
n~

P{τ̂1 ≤ t < V, τ̂1 + lj−1 ≤ t < τ̂1 + lj} = V (t)

(λt)j

j!
e−λt. (24)* (22)–(24) zp[ (21) zv�� L ){0
n~{

p∗0j(s)

=

∫ ∞

0
e−(s+λ)td[Y (t)V (t)]

1 − w(s + λ)y(s + λ)
·

∫ ∞

0

(λt)j

j!
e−(s+λ)tW (t)dt

+

∫ ∞

0
e−(s+λ)td[Y (t)V (t)]

1 − w(s + λ)y(s + λ)
·

∞∑

m=1

p∗mj(s)

∫ ∞

0

(λt)m

m!
e−(s+λ)tdW (t)

+
f(s)w(s + λ)[1 − y(s + λ)]

1 − w(s + λ)y(s + λ)
· p∗1j(s)

∫ ∞

0

e−(s+λ)td[Y (t)V (t)]

+ p∗1j(s)

∫ ∞

0

e−stV (t)Y (t)dF (t) +

∫ ∞

0

V (t)
(λt)j

j!
e−(s+λ)tdt

+

j∑

n=1

∫ ∞

0

W (t)
(λt)j−n

(j − n)!
e−(s+λ)tdt ·

∫ ∞

0

Y (t)
(λt)n

n!
e−(s+λ)tdV (t)

+

∞∑

n=0

N−1∑

m=1

p∗m+n,j(s)

∫ ∞

0

Y (t)
(λt)m

m!
e−(s+λ)tdV (t) ·

∫ ∞

0

(λt)n

n!
e−(s+λ)tdW (t)

+

∞∑

n=0

p∗N+n,j(s)

∫ ∞

0

e−stV (t)Y (t)dF (N)(t) ·

∫ ∞

0

(λt)n

n!
e−(s+λ)tdW (t)

+

N−1∑

m=1

p∗mj(s)

∫ ∞

0

Y (t)
(λt)m

m!
e−(s+λ)tdV (t)
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+ p∗Nj(s)

∫ ∞

0

e−stV (t)Y (t)dF (N)(t). (25)w i ≥ 1 u�>
pij(t) =

i∑

k=1

∫ t

0

Qj−i+k(t − x)dB̃(k−1)(x) +

∫ t

0

p0j(t − x)dB̃(i)(x), (26)A L ){C
p∗ij(s) =

i∑

k=1

q∗j−i+k(s)̃bk−1(s) + p∗0j(s)̃b
i(s). (27)* (27) zp[ (25) zv�0�({w j ≤ 0 u� q∗j (s) = 0, 
n~{ p∗0j(s). T* p∗0j(s)p[ (27) z~{� p∗ij(s) �-kz
w j ≥ N u� “uX t �LC j” wH7w “uX t �W8YJ “℄*�? ” vH�LC j” �_ “uX t �W “L_�V[ ” ��n?"H�LC j”. +d�S74��34+&�W'~{

p0j(t) =

∫ t

0

∫ t−x

0

W (t − x − y)Y (x)
[λ(t − x − y)]j

j!
e−λtd[W (k−1) ∗ Y (k−1)(y)]dV (x)

+

∞∑

m=1

∞∑

k=1

∫ t

0

∫ t−x

0

∫ t−x−y

0

Y (x)
(λz)m

m!
e−λ(x+y+z)pmj(t − x − y − z)

· dW (z)d[W (k−1) ∗ Y (k−1)(y)]dV (x)

+

∞∑

k=1

∫ t

0

∫ x

0

∫ x−y

0

Y (y)Y (x − y − z)p1j(t − x)d[W (k) ∗ Y (k−1)(z)]dV (y)dF (x)

+

∫ t

0

∫ t−x

0

W (t − x − y)V (x)
[λ(t − x − y)]j

j!
e−λtd[W (k−1) ∗ Y (k−1)(y)]dY (x)

+

∞∑

m=1

∞∑

k=1

∫ t

0

∫ t−x

0

∫ t−x−y

0

V (x)
(λz)m

m!
e−λ(x+y+z)pmj(t − x − y − z)

· dW (z)d[W (k−1) ∗ Y (k−1)(y)]dY (x)

+

∞∑

k=1

∫ t

0

∫ x

0

∫ x−y

0

V (y)Y (x − y − z)p1j(t − x)d[W (k) ∗ Y (k−1)(z)]dY (y)dF (x)

+

∫ t

0

V (x)Y (x)p1j(t − x)dF (x)

+

∫ t

0

W (t − x)V (x)Y (x)
[λ(t − x)]j−N

(j − N)!
e−λ(t−x)dF (N)(x)

+

N−1∑

n=1

∫ t

0

W (t − x)Y (x)
(λx)n

n!
e−λx [λ(t − x)]j−n

(j − n)!
e−λ(t−x)dV (x)

+

∞∑

n=0

N−1∑

m=1

∫ t

0

∫ t−x

0

Y (x)
(λx)m

m!
e−λx (λy)n

n!
e−λypm+n,j(t − x − y)dW (y)dV (x)
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+
∞∑

n=0

∫ t

0

∫ t−x

0

V (x)Y (x)
(λy)n

n!
e−λypN+n,j(t − x − y)dW (y)dF (N)(x)

+

N−1∑

m=1

∫ t

0

Y (x)
(λx)m

m!
e−λxpmj(t − x)dV (x)

+

∫ t

0

Y (x)V (x)pNj(t − x)dF (N)(x), (28)

pij(t) =

i∑

k=1

∫ t

0

Qj−i+k(t − x)dB̃(k−1)(x) +

∫ t

0

p0j(t − x)dB̃(i)(x), i ≥ 1. (29)Cb�:xdS<Q,℄w j = 1, 2, · · · , N − 1 u�:xdS
f%

3 #� C:'�"2 3 � pj = lim

t→∞
P{N(t) = j}, j = 0, 1, 2, · · · , X�T(Xx�$�>

1) w ρ̃ ≥ 1 u� pj = 0, j = 0, 1, 2, · · ·, g� {pj, j ≥ 0} 5SPDÆ38�
2) w ρ̃ < 1 u� pj iW�>Yb�
:-kz


p0 =
1

λ∆
, (30)

pj =
1

∆
·
{
qjΩ + κj,j + θj +

∫ ∞

0

V (t)
(λt)j

j!
e−λtdt

}
, j = 1, 2, · · · , N − 1,

(31)

pj =
1

∆
·
{
qjΩ + κj,N−1 + θj

+

∫ ∞

0

W (t)
(λt)j−N

(j − N)!
e−λtdt ·

∫ ∞

0

V (t)Y (t)dF (N)(t)
}

, j ≥ N. (32)Hdu {pj , j ≥ 0} SPDÆ38�Av qj = lim
s→0+

q∗j (s) ;-n 2 i.xZ�
∆ =

1

λ(1 − ρ̃)

{
v(λ) +

N∑

m=1

∫ ∞

0

F (m)(t)dV (t)
}

+
β2

1 − ρ̃

{∫ ∞

0

Y (t)F (t)dV (t) −

∫ ∞

0

V (t)F (N)(t)dY (t)
}

+
λβ2 + w(λ) − 1

λ(1 − ρ̃)[1 − w(λ)y(λ)]

∫ ∞

0

V (t)Y (t)dF (t),

Ω =v(λ) +
w(λ) − 1

1 − w(λ)y(λ)

∫ ∞

0

V (t)Y (t)dF (t),

w(λ) =

∫ ∞

0

e−λtdW (t), y(λ) =

∫ ∞

0

e−λtdY (t), v(λ) =

∫ ∞

0

e−λtdV (t),

κj,m =

m∑

n=1

∫ ∞

0

W (t)
(λt)j−n

(j − n)!
e−λtdt ·

∫ ∞

0

Y (t)
(λt)n

n!
e−λtdV (t), j ≥ m,
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θj =

∫ ∞

0 e−λtd[Y (t)V (t)]

1 − w(λ)y(λ)
·
{ j−1∑

k=0

qj−kAk +

∫ ∞

0

(λt)j

j!
e−λtW (t)dt

}

+

N−1∑

m=1

∫ ∞

0

Y (t)
(λt)m

m!
e−λtdV (t)πj,m +

∫ ∞

0

V (t)Y (t)dF (N)(t)πj,N

+

N−1∑

m=1

∫ ∞

0

Y (t)
(λt)m

m!
e−λtdV (t)

m∑

k=1

qj−m+k

+
N∑

k=1

qj−N+k

∫ ∞

0

V (t)Y (t)dF (N)(t), j ≥ 1,

Ak =

∫ ∞

0

F (k+1)(t)dW (t), k ≥ 0,

πj,m =
m∑

k=1

j−m+k−1∑

n=0

qj−m−n+k

∫ ∞

0

(λt)n

n!
e−λtdW (t) +

j−1∑

k=0

qj−kAk−1, j ≥ 1.u NE^s�xÆn�S7QDÆ34+&�>
pj = lim

t→∞

∞∑

i=0

pij(t) · P{N(0) = i} =
∞∑

i=0

P{N(0) = i} · lim
t→∞

pij(t),H>
lim

t→∞
pij(t) = lim

t→∞

∫ t

0

dpij(x) + pij(0) = lim
t→∞

lim
s→0+

∫ t

0

e−sxdpij(x) + pij(0)

= lim
s→0+

∫ ∞

0

e−sxdpij(x) + pij(0) = lim
s→0+

sp∗ij(s). (33)b�M lim
s→0+

sp∗ij(s). w ρ̃ ≥ 1, ;-n 1 g lim
s→0+

b̃(s) = ω (0 < ω < 1) � lim
s→0+

b̃(s) = 1, du E(̃b) = ∞, 0H
lim

s→0+
Π(s) =1 −

∫ ∞

0

e−λtd[Y (t)V (t)] −

∫ ∞

0

V (t)Y (t)dF (t) −

N−1∑

m=1

∫ ∞

0

(λt)m

m!
e−λtdV (t)

−

∫ ∞

0

V (t)dF (N)(t)

=1 −

∫ ∞

0

V (t)dF (t) −

∫ ∞

0

[F (t) − F (N)(t)]dV (t) −

∫ ∞

0

F (N)(t)dV (t)

=0, (34)

lim
s→0+

Π
′

(s) =E(̃b)v(λ) +
v(λ)

λ
+ [

1

λ
+ E(̃b)]

N∑

m=1

∫ ∞

0

F (m)(t)dV (t)

+ [1 + λE(̃b)]β2

∫ ∞

0

Y (t)F (t)dV (t)

− [1 + λE(̃b)]β2

∫ ∞

0

V (t)F (N)(t)dY (t)
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+ [1 + λE(̃b)]
λβ2 + w(λ) − 1

λ[1 − w(λ)y(λ)]

∫ ∞

0

V (t)Y (t)dF (t)

=∞. (35)w7�$k&X�<d��
W~ lim
s→0+

sp∗ij(s) = 0. g�w ρ̃ ≥ 1 u� pj = 0, j =

0, 1, 2, · · · .w ρ̃ < 1 u�du lim
s→0+

b̃(s) = 1, E(̃b) = ρ̃

λ(1−ρ̃)
, 1oa� (35) z�>

∆ = lim
s→0+

Π
′

(s)

=
1

λ(1 − ρ̃)

{
v(λ) +

N∑

m=1

∫ ∞

0

F (m)(t)dV (t)
}

+
β2

1 − ρ̃

{∫ ∞

0

Y (t)F (t)dV (t) −

∫ ∞

0

V (t)F (N)(t)dY (t)
}

+
λβ2 + w(λ) − 1

λ(1 − ρ̃)[1 − w(λ)y(λ)]

∫ ∞

0

V (t)Y (t)dF (t). (36)Tw7�$k&X�<S�W~ (30)–(32) z
b�f#w ρ̃ < 1 u� {pj, j ≥ 0} SPDÆ38
f#dSYb

∞∑

j=0

pj =
1

λ∆
+

Ω

∆

∞∑

j=1

qj +
1

∆

∞∑

j=1

θj +
1

∆

N−1∑

j=1

∫ ∞

0

V (t)
(λt)j

j!
e−λtdt +

1

∆

N−1∑

j=1

κj,j

+
1

∆

∞∑

j=N

∫ ∞

0

W (t)
(λt)j−N

(j − N)!
e−λtdt ·

∫ ∞

0

V (t)Y (t)dF (N)(t)

+
1

∆

∞∑

j=N

κj,N−1, (37)<��W~
 ∞∑
j=1

qj = E(̃b), H
∞∑

j=1

θj =
λ2β2E(̃b) + λβ2 + w(λ) − 1

λ[1 − w(λ)y(λ)]

∫ ∞

0

V (t)Y (t)dF (t) + λβ2E(̃b)

∫ ∞

0

Y (t)F (t)dV (t)

+ E(̃b)

N∑

m=1

∫ ∞

0

F (m)(t)dV (t) − λβ2E(̃b)

∫ ∞

0

V (t)F (N)(t)dY (t), (38)

N−1∑

j=1

κj,j +

∞∑

j=N

κj,N−1 = β2

∫ ∞

0

Y (t)[F (t) − F (N)(t)]dV (t), (39)

N−1∑

j=1

∫ ∞

0

(λt)j

j!
e−λtV (t)dt =

1

λ

N∑

m=1

∫ ∞

0

F (m)(t)dV (t) +
v(λ) − 1

λ
, (40)

∞∑

j=N

∫ ∞

0

W (t)
(λt)j−N

(j − N)!
e−λtdt

∫ ∞

0

V (t)Y (t)dF (N)(t) = β2

∫ ∞

0

V (t)Y (t)dF (N)(t).

(41)
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 � � � 40 J* (38)–(41) zp[ (37) z�01o E(̃b) �-kz�
n~{ ∞∑
j=0

pj = 1."2 4 � PMin(N,V )(z)-{?^7R$�L38�DÆ)f
�Xw ρ̃ < 1u�>
PMin(N,V )(z) =

(1 − ρ̃)(1 − z)g̃(λ(1 − z))

g̃(λ(1 − z)) − z
·

Q(z)

λ∆(1 − ρ̃)(1 − z)
, |z| < 1, (42)9L�L

LMin(N,V )

=ρ̃ +
λ2E(χ̃2)

2(1 − ρ̃)
+

1

2λ(1 − ρ̃)∆

{
N(N − 1)

∫ ∞

0

F (N)(t)dV (t) +

N−1∑

k=2

∫ ∞

0

(λt)k

(k − 2)!
e−λtdV (t)

+ λ2E(W 2)

[ ∫ ∞

0

Y (t)F (t)dV (t) −

∫ ∞

0

V (t)F (N)(t)dY (t) +

∫ ∞

0
V (t)Y (t)dF (t)

1 − w(λ)y(λ)

]

+ 2λβ2

[ N∑

m=1

∫ ∞

0

Y (t)F (m)(t)dV (t) − N

∫ ∞

0

V (t)F (N)(t)dY (t)

]}
, (43)Av E(χ̃2) n E(W 2) 3.C χ̃ n W �"/H�D�

Q(z)

=1 − zv(λ) − zN

∫ ∞

0

F (N)(t)dV (t) −

N−1∑

k=1

∫ ∞

0

(λzt)k

k!
e−λtdV (t)

+
1 − w(λ(1 − z)) − (1 − z)(1 − w(λ))

1 − w(λ)y(λ)

∫ ∞

0

V (t)Y (t)dF (t)

+ (1 − w(λ(1 − z)))

[ N∑

m=1

∫ ∞

0

Y (t)
(λzt)m

m!
e−λtdV (t) + zN

∫ ∞

0

V (t)Y (t)dF (N)(t)

]
.u ; PMin(N,V )(z) =

∞∑
j=0

zjpj, W~

PMin(N,V )(z)

=
1

λ∆
+

Ω

∆

∞∑

j=1

zjqj +
1

∆

∞∑

j=1

zjθj +
1

∆

N−1∑

j=1

zj

∫ ∞

0

V (t)
(λt)j

j!
e−λtdt +

1

∆

N−1∑

j=1

zjκj,j

+
1

∆

∞∑

j=N

zj

∫ ∞

0

W (t)
(λt)j−N

(j − N)!
e−λtdt ·

∫ ∞

0

V (t)Y (t)dF (N)(t) +
1

∆

∞∑

j=N

zjκj,N−1,

(44)��W~
∞∑

j=1

zjqj =
z[1 − g̃(λ(1 − z))]

λ[g̃(λ(1 − z)) − z]
, (45)

∞∑

j=1

zjθj
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=

( ∞∑
j=1

zjqj

)

1 − z

{
1 − v(λ) +

1 − w(λ(1 − z))

1 − w(λ)y(λ)

∫ ∞

0

V (t)Y (t)dF (t)

−
N−1∑

m=1

∫ ∞

0

(λzt)m

m!
e−λtdV (t) − zN

∫ ∞

0

F (N)(t)dV (t)

+ (1 − w(λ(1 − z)))

[ N−1∑

m=1

∫ ∞

0

Y (t)
(λzt)m

m!
e−λtdV (t) + zN

∫ ∞

0

V (t)Y (t)dF (N)(t)

]}

+
1 − w(λ(1 − z)) − (1 − z)(1 − w(λ))

λ[1 − w(λ)y(λ)](1 − z)

∫ ∞

0

V (t)Y (t)dF (t), (46)

N−1∑

j=1

zjκj,j +

∞∑

j=N

zjκj,N−1

=
1 − w(λ(1 − z))

λ(1 − z)

N−1∑

n=1

∫ ∞

0

Y (t)
(λzt)n

n!
e−λtdV (t), (47)

λ
N−1∑

j=1

zj

∫ ∞

0

V (t)
(λt)j

j!
e−λtdt

=
z − zN

1 − z
[1 − v(λ)] −

1

1 − z

N−1∑

k=1

∫ ∞

0

(zk − zN)
(λt)k

k!
e−λtdV (t), (48)

∞∑

j=N

zj

∫ ∞

0

W (t)
(λt)j−N

(j − N)!
e−λtdt ·

∫ ∞

0

V (t)Y (t)dF (N)(t)

=
zN [1 − w(λ(1 − z))]

λ(1 − z)

∫ ∞

0

V (t)Y (t)dF (N)(t). (49)* (45)–(49) zp[ (44) z
n
~ (42) z
T; LMin(N,V ) = d
dz [PMin(N,V )]|z=1, ��
~ (43) z
[ 2 ;#PÆn 4 Wg�^7�R$�LW34P�w�{;3hn
";3}<�� M/G/1 W�8�^7�R$�L��";3}; Min(N, V )- E��snL_�ru�-B�=��L
�5 1 w P{V = 0} = 1 u�
}8YJ5��
?P�A�8�^7��AL_�ru� M/G/1 W�8�^7�Wa��~1bv�� P{V = 0} = 1 W'~{G [22]i4�1�
�5 2 w P{V = ∞} = 1 u�?P�A�8�^7��AL_�ru N - E��

M/G/1 W�8�^7�w ρ̃ < 1 u�>
P (z) =

(1 − ρ̃)(1 − z)g̃(λ(1 − z))

g̃(λ(1 − z)) − z

·
1 − zN

{
1 − [1 − w(λ(1 − z))]

∫ ∞

0 Y (t)dFN (t)
}

(1 − z)[N + λβ2(1 −
∫ ∞

0 F (N)(t)dY (t))]
, |z| < 1.℄� Y (t) = 1 − eγt, * Y (t) = 1 − eγt p[az�DÆ)f
G [21] <Qi4
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 � � � 40 J�5 3 w P{Y = ∞} = 1 u�
}8Y"W^7e?5%mV[�^7;wPH>t|��� Min(N, V )- E�� M/G/1 W�8�^7�w ρ̃ < 1 u�>
P (z) =

(1 − ρ̃)(1 − z)g̃(λ(1 − z))

g̃(λ(1 − z)) − z

·

1 − zv(λ) − zN
∫ ∞

0 F (N)(t)dV (t) −
N−1∑
k=1

∫ ∞

0
(λzt)k

k! e−λtdV (t)

(1 − z)[v(λ) + ∆N ]
, |z| < 1,Av ∆N =

N∑
m=1

∫ ∞

0 F (m)(t)dV (t).℄� N = 1, ?8�^7��A<�� M/G/1 W�8�^7�w ρ̃ < 1, >
P (z) =

(1 − ρ̃)(1 − z)g̃(λ(1 − z))

g̃(λ(1 − z)) − z
, |z| < 1.

4 %P6IE \Q/V�3 N∗)w�07&}Yb

1) �LYZW^7v��� (�`�qn8Y) tIu"�P#07C h LtI�
2) 8Y"W8YJ “℄*�? ” v%mV[u�8Y"tIu"�D�07C czLtI
8Y"%mL_�V[u�tIu"�D�07C cw LtI�
3) "L}?0�^7�ZÆnh07 (uY^7��{07) C c0 LtI
� C(N) C^7W?^sE�bL?S�tIu"�Hm�??07�;Pz�Wn�g
 C(N) �A"LPz}?0�??07G"LPz}?�??L��$k
b��*3.
��"LPz}?0�??07n??L�
NE^7�&}�g�W'3b�ÆyL_)�

(1) 8YJ��~{^7�^7vTYZ�q�`u8YJ���W^7�#G8Y"}4$<%mL_�V[�H�"LYZ�{k%mW(LL_�V[��n?" Wk (1 ≤ k < ∞) v�4uW Wk {k� m(1 ≤ m < ∞) LYZ
℄8YJ��~{^7%g8Y"$<%m�L_�V[�ADÆC
q1(k, m)

=P{V + sk−1 ≤ τ̂1 < V + sk−1 + Wk, Y ≤ V, τ̂1 + lm−1 ≤ V + sk−1 + Wk < τ̂1 + lm}

=[w(λ)y(λ)]k−1

∫ ∞

0

(λy)m

m!
e−λydW (y)

∫ ∞

0

Y (x)e−λxdV (x).du�"L}?�??L�C E(L1) = E(V ) + kE(W ) + (k − 1)E(Y ) + mE(̃b), "L}?0� “℄*�? ” L��??kC E(B1) = mE(̃b).



5 = �oq�&.|�J℄�pskrz�� Min (N,V )- C�� M/G/1 U�6�\5 719℄8YJ��~{^7%g8Y"�>%mL_�V[�ADÆC
q2(k, m)

=P{Y + sk−1 ≤ τ̂1 ≤ Y + sk−1 + Wk, Y > V, τ̂1 + lm−1 ≤ Y + sk−1 + Wk < τ̂1 + lm}

=[w(λ)y(λ)]k−1

∫ ∞

0

(λy)m

m!
e−λydW (y)

∫ ∞

0

V (x)e−λxdY (x).du�"L}?�??L�C E(L2) = k[E(W ) + E(Y )] + mE(̃b), "L}?0� “℄*�? ” L��??kC E(B2) = mE(̃b).

(2) 8YJ��~{^7�^7vTYZ�q�`u8YJ���W^7�#G8Y"}4$<%mV[�H�"LYZ�{k%mW8Y"�dI?"
℄�"LYZ{kC8Y"$<%mdL_�V[�1o&}�g�,�du�"LYZ�{k%mW8Y"�(LdI?" Yk (1 ≤ k < ∞) v�ADÆC
q3(k) =P{V + sk−1 + Wk ≤ τ̂1 < V + sk, Y ≤ V }

+ P{Y + sk−1 + Wk ≤ τ̂1 < Y + sk, Y > V }

=w(λ)[1 − y(λ)][w(λ)y(λ)]k−1

∫ ∞

0

V (x)Y (x)dF (x).du�"L}?�??L�C E(L3) = 1
λ + E(̃b), "L}?0� “℄*�? ” L��??kC E(B3) = E(̃b).℄�"LYZ{kC8Y"�>%mL_�V[�ADÆC

q4 = P
{
V < τ̂1, Y > τ̂1

}
=

∫ ∞

0

V (x)Y (x)dF (x).du�"L}?�??L�C E(L4) = 1
λ + E(̃b), "L}?0� “℄*�? ” L��??kC E(B4) = E(̃b).

(3) YZ�{k%mW8YJ�?v�H8YJ��~{^7%g8Y"$<`AL_�V[��$
1o&}�xn��^X
℄8YJ��~{^7�$>m (1 ≤ m < N)LYZW^7v�q�4uW�nu" W v{k� n (0 ≤ n < ∞) LYZ�ADÆC
q5(m, n) =P

{
Y ≤ V, τ̂1 + lm−1 ≤ V < τ̂1 + lm, ln ≤ W < ln+1

}

=

∫ ∞

0

Y (x)
(λx)m

m!
e−λxdV (x)

∫ ∞

0

(λy)n

n!
e−λydW (y).du�"L}?�??L�C E(L5) = E(V ) + E(W ) + (m + n)E(̃b), "L}?0� “℄*�?” L��??kC E(B5) = (m + n)E(̃b).℄W8YJ���?"^7v�YZ
{k� N L�4uW�nu" W v{k� n (0 ≤ n < ∞) LYZ�ADÆC

q6(n) =P{Y ≤ τ̂1 + lN−1, V > τ̂1 + lN−1, ln ≤ W < ln+1}

=

∫ ∞

0

Y (x)V (x)dF (N)(x)

∫ ∞

0

(λy)n

n!
e−λydW (y).
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λ + E(W ) + (N + n)E(̃b), "L}?0� “℄*�?” L��??kC E(B6) = (N + n)E(̃b).

(4) YZ�{k%mW8YJ��?v�H8YJ��~{^7%g8Y"E%mL_�V[
1o&}�xn��^X
℄8YJ��~{^7�$>m (1 ≤ m < N)LYZW^7v�q�ADÆC
q7(m) = P{τ̂1 + lm−1 ≤ V < τ̂1 + lm, Y > V } =

∫ ∞

0

Y (x)
(λx)m

m!
e−λxdV (x).du�"L}?�??L�C E(L7) = E(V ) + mE(̃b), "L}?0� “℄*�? ” L��??kC E(B7) = mE(̃b).℄W8YJ���?"^7v�YZ
{k� N L�ADÆC

q8 =
∞∑

m=N

P{τ̂1 + lm−1 ≤ V < τ̂1 + lm, Y > V } =
∞∑

m=N

∫ ∞

0

Y (x)
(λx)m

m!
e−λxdV (x).du�"L}?�??L�C E(L8) = N

λ + NE(̃b), "L}?0� “ ℄*�? ” L��??kC E(B8) = NE(̃b).
oa��~{"LPz}?�??L�C
E(L)

=

∞∑

k=1

∞∑

m=1

q1(k, m)E(L1) +

∞∑

k=1

∞∑

m=1

q2(k, m)E(L2) +

∞∑

k=1

q3(k)E(L3) + q4E(L4)

+

N−1∑

m=1

∞∑

n=0

q5(m, n)E(L5) +

∞∑

n=0

q6(n)E(L6) +

N−1∑

m=1

q7(m)E(L7) + q8E(L8)

=
1

1 − w(λ)y(λ)

{
1 − w(λ)

1 − w(λ)y(λ)
[E(W ) + E(V ) − w(λ)y(λ)(E(V ) − E(Y ))]

+ λE(̃b)E(W )

}
·

∫ ∞

0

Y (x)e−λxdV (x)

+
1

1 − w(λ)y(λ)

[
1 − w(λ)

1 − w(λ)y(λ)
(E(W ) + E(Y )) + λE(̃b)E(W )

]
·

∫ ∞

0

V (x)e−λxdY (x)

+ [
1

λ
+ E(̃b)] ·

{∫ ∞

0

V (x)Y (x)dF (x) +
w(λ)[1 − y(λ)]

1 − w(λ)y(λ)

∫ ∞

0

V (x)Y (x)dF (x)

}

+
N−1∑

m=1

[E(V ) + E(W ) + E(̃b)(m + λE(W ))] ·

∫ ∞

0

Y (x)
(λx)m

m!
e−λxdV (x)

+

[
N

λ
+ E(W ) + E(̃b)(N + λE(W ))

]
·

∫ ∞

0

Y (x)Y (x)dF (N)(x)

+

N−1∑

m=1

[E(V ) + mE(̃b)] ·

∫ ∞

0

Y (x)
(λx)m

m!
e−λxdV (x)

+

∞∑

m=N

[
N

λ
+ NE(̃b)

]
·

∫ ∞

0

Y (x)
(λx)m

m!
e−λxdV (x).
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E(B)

=

∞∑

k=1

∞∑

m=1

q1(k, m)E(B1) +

∞∑

k=1

∞∑

m=1

q2(k, m)E(B2) +

∞∑

k=1

q3(k)E(B3) + q4E(B4)

+

N−1∑

m=1

∞∑

n=0

q5(m, n)E(B5) +

∞∑

n=0

q6(n)E(B6) +

N−1∑

m=1

q7(m)E(B7) + q8E(B8)

=E(̃b)

{
λE(W ) + w(λ)(1 − y(λ))

1 − w(λ)y(λ)
·

∫ ∞

0

V (x)Y (x)dF (x) +

∫ ∞

0

V (x)Y (x)dF (x)

+

N−1∑

m=1

[m + λE(W )] ·

∫ ∞

0

Y (x)
(λx)m

m!
e−λxdV (x)

+ [N + λE(W )] ·

∫ ∞

0

Y (x)Y (x)dF (N)(x)

+
N−1∑

m=1

m

∫ ∞

0

Y (x)
(λx)m

m!
e−λxdV (x) + N

∞∑

m=N

∫ ∞

0

Y (x)
(λx)m

m!
e−λxdV (x)

}
.W"LPz}?0�8Y"W8YJ “℄*�? ” v%mV[u�����n07�??kC

cz ·
E(Z)

E(X) + E(Z)
· E(B)."LPz}?0�8Y"%mL_�V[�L��??kC

E(Lw) =
∞∑

k=1

∞∑

m=1

kE(W )[q1(k, m) + q2(k, m)] +
∞∑

k=1

kE(W )q3(k)

+ E(W )

∞∑

n=0

[ N−1∑

m=1

q5(m, n) + q6(n)
]
,*a� q1(k, m), q2(k, m), q3(k), q5(m, n), q6(n) -kzp[{az�
n~{

E(Lw) =
E(W )

1 − w(λ)y(λ)
·

∫ ∞

0

V (x)Y (x)dF (x)

+ E(W ) ·
[ ∫ ∞

0

Y (x)F (x)dV (x) −

∫ ∞

0

V (x)F (N)(x)dY (x)
]
.W"LPz}?0�8Y"%mL_�V[����n07�??kC

cw · E(Lw).1o^7�&} ��)w�07&}�"LPz}?0�??07;b��L;3�P

(1) YZW^7���??07
 h · LMin(N,V ), Av LMin(N,V ) �-kz$PvÆn 4,
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(2) 8Y"W8YJ “℄*�? ” v%mV[���n�??07
cz ·

E(Z)
E(X)+E(Z) ·

E(B),

(3) 8Y"%mL_�V[����n�??07
 cw · E(Lw),

(4) W"L}?0^7ZÆnh07
 c0.A}
C(N) = hLMin(N,V ) +

c0 + cz
E(Z)

E(X)+E(Z)E(B) + cwE(Lw)

E(L)
.� 1 43℄rD� N a℄6K>R�sHt!�>>/6

N C(N) N C(N) N C(N) N C(N) N C(N)

1 137.8313 11 122.3174 21 126.5599 31 128.2114 41 129.1097

2 109.1905 12 123.0499 22 126.7846 32 128.3245 42 129.1774

3 107.9342 13 123.6687 23 126.9920 33 128.4314 43 129.2421

4 110.2174 14 124.1995 24 127.1840 34 128.5324 44 129.3040

5 112.9232 15 124.6612 25 127.3623 35 128.6280 45 129.3632

6 115.3601 16 125.0677 26 127.5282 36 128.7187 46 129.4201

7 117.3903 17 125.4294 27 127.6831 37 128.8048 47 129.4746

8 119.0360 18 125.7542 28 127.8280 38 128.8867 48 129.5269

9 120.3622 19 126.0479 29 127.9638 39 128.9046 49 129.5773

10 121.4367 20 126.3153 30 128.0914 40 129.0389 50 129.6256

N
0 5 10 15 20 25 30 35 40 45 50

C
(N

)

105

110

115

120

125

130

135

140

? 1 43℄rD� N a℄6K>R�sHt!�>>/6
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k��vu
)�w C(N) k{Ærk�Æ:^sE� N∗. �A t ≥ 0,N
Y (t) = 1 − e−γt, W (t) = 1 − e−θt, V (t) = 1 − e−vt.0NA
 h = 20, cw = 50, cz = 200, c0 = 500, λ = 0.6, µ = 2, α = 0.6, β1 = 2, γ =

0.5, θ = 0.4, v = 0.4. ��~{ ρ̃ = 0.66 < 1. 8 1 n- 1 MZ�W54^sE� N b^7L?S�tIu"�??07 (��{r
�q�I).1o8 1 n- 1, W~^7�Æ:^s�kC N∗=3, du^707f
�ÆrkC
C(N∗)=C(3)=107.9342.UH
 �_w{�ExjJ��_{�O�'��-Z��_��A($
� - B F

[1] Doshi B. Queueing Systems with Vacations-a Survey. Queueing Systems, 1986, 1(1): 29–66

[2] B:s�R��7X!V	� M/G/1 7�℄62Z� klfjj℄, 1982, 5(2): 113–127

(Cao J H, Cheng K. Analysis of M/G/1 Queueing System with Reparable Service Station. Acta

Mathematicae Applicatae Sinica, 1982, 5(2): 113–127)

[3] '0}�7X!V	� M/G/1 7�℄6�8!92Z� ig`^
dmeb, 1996, 16(4): 45–51

(Tang Y H. Further Analysis of M/G/1 Queueing System with Reparable Service Station. Systems

Engineering: Theory & Practice, 1996, 16(4): 45–51)

[4] Tang Y H, Tang X W. The Queue-Length Distribution for Mx/G/1 Queue with Single Server Vacation.

Acta Mathematica Scientia, 2000, 20B(3): 397–408

[5] '0}�\��V	7�℄6VQ�l*�23+b� n_jj℄, 2004, 8(4): 73–84

(Tang Y H, Zhao W. The Decomposition Properties of Reliability Indices in Repairable Queueing

System. OR Transactions, 2004, 8(4): 73–84)

[6] Kella O. The Threshold Policy in the M/G/1 Queue with Server Vacations. Naval Research Logistics,

1989, 36(1): 111–123

[7] '0}�'qS�\��s{��� Mx/G(M/G)/1 V	7�℄6 (I)- v7�l*� ig`^
dmeb,

2000, 20(1): 211–215

(Tang Y H, Tang X W, Zhao W. The Mx/G(M/G)/1 Repairable Queueing System with Single Vaca-

tions(I): Some Queueing Indices. Systems Engineering: Theory & Practice, 2000, 20(1): 211–215)

[8] Moreno P. Analysis of a Geo/G/1 Queueing System with a Generalized N-Policy and Setup-closedown

Times. Quality Technology & Quantitative Management, 2008(2): 111–128

[9] Luo C Y, Tang Y H, Li W, Xiang K L. The Recursive Solution of Queue Length for Geo/G/1 Queue

with N-Policy. Journal of System Science and Complexity, 2012, 25(2): 293–302

[10] F�K�'0}�X(���T D- D� Geo/G/1 7�℄6��K27�X}�9vf��ig`^
dmeb, 2013, 33(4): 996–1005



724 . 4 
 � � � 40 J
(Wei Y Y, Tang Y H, Gu J X. Queue Size Distribution and Capacity Optimum Design for Geo/G/1

Queueing System with Delayed D-Policy. Systems Engineering: Theory & Practice, 2013, 33(4):

996–1005)

[11] Attahiru S A, Li W. Optimal (N,T )-Policy for M/G/1 System with Cost Structures. Performance

Evaluation, 2000, 42(4): 265–277

[12] =?`�h2�.-�� Min (N,V )- D���� M/G/1 7�℄62Z� n_ma
, 2006, 15(3): 53–58

(Jing C X, Cui Y, Tian N S. Analysis of the M/G/1 Queueing System with Min (N,V )-Policy. Oper-

ations Research & Management Science, 2006, 15(3): 53–58)

[13] '0}�UNI��P:���s{��� Min (N,V )- D� M/G/1 7�℄62Z� klfjj℄, 2014,

37(6), 976–996

(Tang Y H, Wu W Q, Liu Y P. Analysis of M/G/1 Queueing System with Min (N,V )-Policy based on

Single Server Vacation. Acta Mathematicae Applicatae Sinica, 2014, 37(6): 976–996)

[14] '0}�UNI��P:��pP����{��� Min (N,V )- D� M/G/1 7���K27�ig`^
dmeb, 2014(6): 1533–1546

(Tang Y H, Wu W Q, Liu Y P, Liu X Y. The Queue Length Distribution of M/G/1 Queueing System

with Min (N,V )-policy based on Multiple Server Vacations. Systems Engineering: Theory & Practice,

2014(6): 1533–1546)

[15] dbM�G=s{��l Min (N,V )- D�℄r� Geo/G/1 j_t!7��N���an(l�� 2014

(Lan S J. Geo/G/1 Discrete-time Queue under the Control of Single Server Vacation and Min (N,V )-

policy. Chengdu: Sichuan Normal University, 2014)

[16] dbM�'0}� G=�{��l Min (N,V )- D�℄r� Geo/G/1 j_t!7��ig`^
dmeb,

2015, 35(3): 799–810

(Lan S J, Tang Y H. Geo/G/1 Discrete-time Queue with Multiple Server Vacations and Min (N,V )-

Policy. Systems Engineering: Theory & Practice, 2015, 35(3): 799–810)

[17] Tang Y H, A Single-Server M/G/1 Queueing System Subject to Breakdowns-some Reliability and

Queueing Problems. Micro electronics & Reliability, 1997, 37(2): 315–321

[18] '3f�Vd>/V2$lUZ� Mx/G/1 V	7�℄62Z�N���an(l�� 2011

(Mou Y C. Analysis of Mx/G/1 Repairable Queueing System in which The Server Station May Fail

in the Idle Periods. Chengdu: Sichuan Normal University, 2011)

[19] oy<�'0}�'3f�B�!�V�!gUZ>!&C
 p 8Z� M/G/1 V	7�℄6�!v7�l*� fjh
j℄, 2012, 32A(6): 1149–1157

(Li C L, Tang Y H, Mou Y C, Yu M M. M/G/1 Repairable Queueing System with p-Entering

Discipline During Second Type Failure Times: Some Queueing Indices. Acta Mathematica Scientia,

2012, 32A(6): 1149–1157)

[20] '0}�'3f�B�!�V�!gUZ>!&C
 p 8Z� M/G/1 V	7�℄6�!vVQ�l*� ig`^j℄, 2012, 32(6): 1149–1157

(Tang Y H, Mou Y C, Yu M M. Analysis of Reliability on M/G/1 Repairable Queueing System with p-

Entering Discipline during Second Type Failure Times: Some Reliability Indices. Journal of Systems



5 = �oq�&.|�J℄�pskrz�� Min (N,V )- C�� M/G/1 U�6�\5 725

Engineering, 2012, 32(6): 1149–1157)

[21] ~�r�G=K^�qt+b� N- D�� M/G/1 V	7�℄6�N���an(l�� 2013

(Zhu Y L. M/G/1 Repairable Queueing System with N-Policy and Warm Standby Failure. Chengdu:

Sichuan Normal University, 2013)

[22] '0}�~�r�G=K^�qt� M/G/1 V	7�℄6� ig`^
dmeb, 2014, 34(4): 944–950

(Tang Y H, Zhu Y L. M/G/1 Repairable Queueing System with Failure in Warm Standby. Systems

Engineering: Theory & Practice, 2014, 34(4): 944–950)

[23] �5,�'0}�~�r�G=K^�qtl�T	m� M/G/1 V	7�℄6�VQ�l*� ig`^
dmeb, 2015, 35(2): 413–423

(Liu J Y, Tang Y H, Zhu Y L. Reliability Indices of M/G/1 Repairable Queueing System with Warm

Standby Failure and Delayed Repair. Systems Engineering: Theory & Practice, 2015, 35(2): 413–423)

[24] '0}��5,�B�!�N- ℄rD�GK^�qt M/G/1 V	7��ig`^j℄, 2015, 30(6): 852–864

(Tang Y H, Liu J Y, Yu M M. M/G/1 Repairable Queue with N-Control Policy and Warm Standby

Failure. Journal of Systems Engineering, 2015, 30(6): 852–864)

[25] '0}�'qS�7�� - �[E2Z����;�S�Y�d� 2006

(Tang Y H, Tang X W. Queueing Theory-Foundations and Analysis Techniques. Beijing: Science

Press, 2006)



726 . 4 
 � � � 40 J
M/G/1 Repairable Queueing System with

Warm Standby Failure and Min (N, V )-policy

Based on Single Vacation

CAI Xiaoli

(School of Mathematics & Software Science, Sichuan Normal University, Chengdu 610068)

TANG Yinghui†

(School of Mathematics & Software Science, Sichuan Normal University, Chengdu 610068)

(School of Fundamental Education, Sichuan Normal University, Chengdu 610068)

(tangyh@sicnu.edu.cn)

Abstract This paper considers an M/G/1 repairable queueing system with warm standby

failure and Min(N,V )-policy based on single vacation in which there are two types of break-

downs. One is that the service station may break during the “generalized busy period” of

the servers, and another is warm standby failure during the period of not providing service

for customers. We assume that two breakdowns are enjoyed different failure rate and repair

rate. Applying the total probability decomposition technique, laplace transform and the re-

newal process theory, we study the transient queue distribution and the steady-state queue

distribution. The recursive expression of the laplace transformation for transient queue

length distribution is obtained. And, the recursive expression for the steady-state queue

length distribution, which have important value in the system capacity design, is also given.

Then, the stochastic decomposition property of the steady state queue length distribution is

proved. Meanwhile some special cases are also discussed when the single vacation time V =0

or V →∞, and the warm standby life time Y →∞. Finally, the total long-run expected average

cost per unit for system is developed, and the optimal control policy N∗ is discussed by the

numerical example.

Key words repairable queueing system; warm standby failure; Min(N,V )-policy;

queue length; total probability decomposition technique
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